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PREFACE.

THE present work is constructed on the same plan as my
treatise on Plane Trigonometry, to which it is intended as a
sequel; it contains all the propositions usually included under
the head of Spherical Trigonometry, together with a large
collection of examples for exercise. In the course of the work
reference is made to preceding writers from whom assistance
has been obtained; besides these writers I have consulted the
treatises on Trigonometry by Lardner, Lefebure de Fourcy,
and Snowball, and the treatise on Geometry published in the
Library of Useful Knowledge. The examples have been
chiefly selected from the University and College Examination
Papers. o g

In the account of Na.p;erd ﬁules of Circular Parts an
explanation has been gwemﬁ'\a méthod, of proof devised by
Napier, which seems to have* been“o%rléoked by most modern
writers on the subject. I have “had the advantage of access to
an unprinted Memoir on this point by the late R. L. Ellis of
Trinity College; Mr Ellis had in fact rediscovered for himself
Napier's own method. For the use of this Memoir and for
some valuable references on the subject I am indebted to the
Dean of Ely.

Considerable labour has been bestowed on the text in
order to render it comprehensive and accurate, and the exam-
ples have all been carefully verified; and thus I venture to
hope that the work will be found useful by Students and
Teachers.

1. TODHUNTER.

Sr. JoHN’S COLLEGE, .
August 15, 1859.
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SPHERICAL TRIGONOMETRY.

I GREAT AND SMALL CIRCLES.

1. A spHERE is a solid bounded by a surface every point of
which is equally distant from a fixed point which is called the
centre of the sphere. The straight line which joins any point of
the surface with the centre is called a radius. A straight line
drawn through the centre and terminated both ways by the surface
is called a diameter.

2. The section of the surface of a sphere made by any plane is

a circle.
"
V

Let 4B be the section of thé surface of a sphere made by any
plane, O the centre of the sphere. Draw OC perpendicular to the
plane ; take any point D in the section and join OD, CD. Since
OC is perpendicular to the plane, the angle OCD is a right angle;
therefore CD =,/(0D°— 0C*). Now O and C are fixed points, so
that OC is constant ; and OD is constant, being the radius of the
sphere; hence CD is constant. Thus all points in the plane section
are equally distant from the fixed point €; therefore the section
is a circle of which C is the centre.

3. The section of the surface of a sphere by a plane is called
a great circle if the plane passes through the centre of the sphere,
and a small circle if the plane does not pass through the centre of
the sphere. Thus the radius of a great circle is equal to the radius
of the sphere . .

T. 8. T. - p B



2 GREAT AND SMALL CIRCLES.

4. Through the centre of a sphere and any two points on the
surface a plane can be drawn; and only one plane can be drawn,
except when the two points are the extremities of a diameter of
the sphere, and then an infinite number of such planes can be
drawn. Hence only one great circle can be drawn through two
given points on the surface of a sphere, except when the points are
the extremities of a diameter of the sphere. "When only-one great
circle can be drawn through two given points, the great circle is
unequally divided at the two points; we shall for brevity speak of
the shorter of the two arcs ‘as the arc of a great circle joining the
two points.

5. The axis of any circle of a sphere is ¢hat diameter of the
sphere which is perpendicular to the plane of the circle ; the ex-
tremities of the axis are called the poles of the circle. The poles
of a great circle are equally distant from the plane of the- circle.
The poles of a small circle are not equally distant from the plane
of the circle; they may be called respectively the nearer and fur-
ther pole; sometimes the nearer pole is for brevity called ¢e pole.

6. A pole of a circle is equally distant from every point of the
circumference of the circle.

P,

Let O be the centre of the sphere, 4B any circle of the sphere,
C the centre of the circle, P and P’ the poles of the circle. Take
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any point D in the circumference of the circle; join CD, 0D, PD.
Then PD = ,/(PC*+CD%; and PC and CD are constant, therefore
PD is constant. Suppose a great circle to pass through the points
P and D; then the chord PD is constant, and therefore the arc of
a great circle intercepted between P and D is constant for all
positions of D on the circle 4.5.

Thus the distance of a pole of a circle from every point of the
circumference of the circle is constant, whether that distance be
measured by the straight line joining the points, or by the arc of
a great circle intercepted between the points.

7. The angle subtended at the centre of a sphere by the arc of a

great circle which joins the poles of two great circles is equal to the
inclination of the planes of the great circles.

A

—

Let O be the centre of the sphere, CD, CE the great circles in-
tersecting in C, 4 and B the poles of CD and CE respectively.

Draw a great circle through 4 and B, meeting CD and CZ in
M and N respectively. Then 4O is perpendicular to OC, which is
a line in the plane OCD; and BO is perpendicular to OC, which is
a line in the plane OCE; therefore OC is perpendicular to the
plane 40B (Euclid, x1. 4); and therefore OC is perpendicular to
the lines OM and OXN, which are in the plane 40B. Hence
MON is the angle of inclination of the planes OCD and OCE.
And the angle AOB = AOM — BOM = BON — BOM = MON,

B2



4 GREAT AND SMALL CIRCLES.

8. By the angle between two great circles is meant the angle
of inclination of the planes of the circles. Thus, in the figure of the
preceding Article, the angle between the great circles CD and CE
is the angle MON. In the figure to Art. 6, since PO is perpen-
dicular to the plane ACB, every plane which contains PO is at
right angles to the plane ACB. Hence the angle between any
circle and a great circle which passes through its poles is a right
angle.

9. Two great circles bisect each other.

For since the plane of each great circle passes through the
centre of the sphere, the line of intersection of these planes is a
diameter of the sphere, and therefore also a diameter of each great
circle; therefore the great circles are bisected at the points where
they meet.

10. The arc of a great circle which is drawn from a pole of a
great circle to any point in U8 circumference is a quadrant, and is
at right angles to the circumference.

P

0\9

A

Let P be a pole of the great circle ABC'; the arc P4 is a quad-
rant and at right angles to 4BC.

For let O be the centre of the sphere, and draw PO. Then
PO is at right angles to the plane ABC, because P is the pole of
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ABC, therefore POA is a right angle, and the arc P4 is a quad-
rant. And because PO is at right angles to the plane ABC, the
angle between the planes POA and ABC is a right angle; therefors
the arc PA is at right angles to 4C.

11.  If the arcs of great circles joining a point P on the surface
of a sphere with two other points A and C on the surface of the
sphere which are not at opposite extremities of a diameter be each of
them equal to a quadrant, P is a pole of the great circle through
A and C. (See figure of preceding Article.)

For suppose PA and PC to be quadrants and O the centre of
the sphere ; then since P4 and PC are quadrants, the angles POC
and POA are right angles. Hence PO is at right angles to the
plane 40C, and P is a pole of the great circle AC.

12. Great circles which pass through the poles of a great
circle are called secondaries to that circle. Thus, in the figure of
Art.'7 the point C is a pole of ABMN, and therefore CM and CN
are parts of secondaries to ABMN. And the angle between CM
and CN is measured by MXN; that is, the angle between any two
great circles 18 measured by the arc they intercept on the great circle
to which they are secondaries.

13. If from a point on the surface of a sphere there can be
drawn two arcs of great circles, not parts of the same great circle,
which are at right angles to a given circle, that point is a pole of the
circle.

For, since the two arcs are at right angles to the given circle,
the planes of these arcs are at right angles to the plane of the
given circle, and therefore the line in which they intersect is per-
pendicular to the plane of the given circle, and is therefore the
axis of the given circle; hence the point from which the arcs are
drawn is a pole of the circle.
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14. To compare the arc of a small circle subtending any angle
at the centre of the circle with the arc of a great circle subtending
the same angle at its centre.

P

Let abd be the arc of a small circle, C' the centre of the circle,
P the pole of the circle, O the centre of the sphere. Through P
draw the great circles Pad and PbB, meeting the great circle
of which P is a pole, in 4 and B respectively; draw Ca, Cb, 04,
OB. Then Ca, Cb, 04, OB are all perpendicular to OP, because the
planes aCb and AOB are perpendicular to OP; therefore Ca is
parallel to 04, and Cb is parallel to OB. Therefore the angle
aCb = the angle AOB (Euclid, x1. 10). Hence,

rc ab AB .
m’:ﬁus “ =r:;?m o (Plane Trigomometry, Art. 18);

arc ab _Q_Ca
arc AB 04 Oa

. .

therefore, =gin POa.

II. SPHERICAL TRIANGLES.

15. Bpherical Trigonometry investigates the relations which
subsist between the angles of the plane faces which form a solid
angle and the angles at which the plane faces are inclined to each
other.

16. 8uppose that the angular point of a solid angle is made
the centre of a sphere; then the planes which form the solid angle
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will cut the sphere in arcs of
formed on the surface of the
triangle if it is bounded by ¢k
the case when the solid angle
plane angles. If the solid ar
more than three plane angles,
surface of the sphere is bounde
circles, and is called a spherical

17. The three arcs of gr
triangle are called the sides of
formed by the arcs at the poi
angles of the spherical triangle.

18. Thus, let O be the cen
angle formed at O by the me

AB, BC, CA be the arcs of gre
the sphere; then ABC is a sp
BC, CA are its sides. Suppos:
AB, and Ac the tangent at 4
drawn from 4 fowards B and (
is one of the angles of the sp
formed in like manner at B ¢
spherical triangle.

19. The principal part of :
consists of theorems relating to
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necessary to obtain an accurate conception of a spherical triangle
and its parts.

It will be seen that what are called sides of a spherical
triangle are really arcs of great circles, and these arcs are pro-
portional to the three plane angles which form the solid angle
corresponding to the spherical triangle. Thus, in the figure of
the preceding Article, the arc 4B forms one side of the spherical
triangle ABC, and the plane ahgle A0B is measured by the frac-
tion r%; and thus the arc 4B is proportional to the angle
AOB 50 long as we keep to the same sphere. )

The angles of a spherical triangle are the inclinations of the
plane faces which form the solid angle; for since 46 and Ac are
both perpendicular to 04, the angle bA4c is the angle of inclination
of the planes O4B and 0AC. |

20. The letters 4, B, C are generally used to denote the
angles of a spherical triangle, and the letters a, b, ¢ are used to
denote the sides. As in the case of plane triangles, 4, B, and C
may be used to denote the numerical values of the angles expressed
in terms of any unit, provided we understand distinctly what the
unit is. Thus, if the angle C' be a right angle, we may say that

C=90° or that C '=’-;, according as we adopt for the unit a de-

gree or the angle subtended at the centre by an arc equal to the
radius. So also, as the sides of a spherical triangle are propor-
tional to the angles subtended at the centre of the sphere, we
may use a, b, ¢ to denote the numerical values of those angles
in terms of any unit. We shall usually suppose both the angles
and sides of a spherical triangle expressed in circular measure.
(Plame Trigonometry, Art. 20.)

21. In future, unless the contrary be distinctly stated, any
arc drawn on the surface of a sphere will be supposed to be an arc
of a great circle.
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22. In spherical triangles each side is restricted to be less
than a semicircle; this is of course a convention, and it is adopted
because it is found convenient.

F A

Thus, in the figure, the arc ADEB is greater than a semicircle,
and we might, if we pleased, consider ADEB, AC and B(C as
forming a triangle, having its angular points at 4, B, and C.
But we agree to exclude such triangles from our consideration;
and the triangle having its angular points at 4, B, and C, will be
understood to be that formed by 4 FB, BC and CA.

23. From the restriction of the preceding Article it will
follow that any angle of & spherical triangle ts less than two right
angles.

For suppose a triangle formed by BC, CA and BEDA having
the angle BCA greater than two right angles. Then suppose D
to denote the point in which the arc BC, if produced, will meet
AE; then BED is a semicircle by Art. 9, and therefore BEA
is greater than a semicircle; thus the proposed triangle is not one
of those’which we consider.
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III. SPHERICAL GEOMETRY.

24. The relations between the sides and angles of a Spherical
Triangle, which are investigated in treatises on Spherical Trigono-
metry, are chiefly such as involve the T'rigonometrical Functions
of the sides and angles. Before proceeding to these, however, we
shall collect, under the head of Spherical Geometry, some theorems
which involve the sides and angles themselves, and not' their trigo-
nometrical ratios.

25. Polar Triangle. Let ABC be any spherical triangle, and
let the points 4’, B, (" be those poles of the arcs BC, C4, AB

B

respectively which lie upon the same sides of them as the opposite
angles 4, B, C; then the triangle A’B'C’ is said to be the polar
triangle of the triangle ABC.

Since there are two poles for each side of a spherical triangle,
eight triangles can be formed having for their angular points poles
of the sides of the given triangle; but there is only one triangle in
which- these poles 4’, B’, (' lie towards the samne parts with the
corresponding angles 4, B, C; and this is the triangle which is
known under the name of the polar triangle.

The triangle A BC is called the primitive triangle with respect
to the triangle 4’B'C’.
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26. If one triangle be the polar triangle of another, the latter
will be the polar triangle of the former.

Let ABC be any triangle, 4’B'C’ the polar triangle; then 4BC
will be the polar triangle of 4'B'C".

BI

B

For since B’ is a pole of AC, the arc AB’is a quadrant (Art.
10); and since C” is a pole of B4, the arc AC” is a quadrant; there-
fore A is a pole of B'C’ (Art. 11). Also 4 and 4’ are on the same
side of B'C"; for A and A’ are by hypothesis on the same side of
BC, therefore 4’4 is less than a quadrant ; and since 4 is a pole of
B’C’ and A4’ is less than a quadrant, 4 and 4’ are on the same
side of B'C".

Similarly it may be shewn that B is a pole of ("4’, and that B
and B’ are on the same side of ("4’; also that C'is a pole of 4’B’,
and that C and (' are on the same side of 4’B’. Thus ABC is the
polar triangle of 4'B'C’.

27. The sides and angles of the polar triangle are respectwely
the supplements of the angles and sides of the primitive triangle.

For let the arc B'C", produced if necessary, meet the arcs 4.5,
AC, produced if necessary, in the points D and Z respectively;
then since 4 is a pole of B'C’, the spherical angle 4 is measured by
the arc DE (Art. 12). But B’E and C'D are each quadrants;
therefore DE and B'C’ are together equal to a semicircle; that is,
the angle subtended by B'C’ at the centre of the sphere is the

~
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supplement of the angle 4. This we may express for shortness
thus; B'C’ is the supplement of 4. Similarly it may be shewn
that C'4’ is the supplement of B, and 4’B’ the supplement of C.

And since 4BC is the polar triangle of 4’B’(Y, it follows that
BC, C4, AB are respectively the supplements of 4’, B, ’; that is,
A’, B',C’ are respectively the supplements of BC, C4, AB.

From these properties a primitive triangle and its polar tri-
angle are sometimes called supplemental triangles.

Thus, if 4, B, C, a, b, ¢ denote respectively the angles and sides
of a spherical triangle all expressed in circular measure, and 4’,
B, (", &, b, ¢’ those of the polar triangle, we have

A=n—-a, B=n-b C=n-—c

d=nm—-4, bV=x-B, =x-C.

28. The preceding result is of great importance; for if any
general theorem be demonstrated with respect to the sides and
angles of any spherical triangle it holds of course for the polar
triangle also. Thus any such theorem will remain true when the
angles are changed into the supplements of the corresponding sides
and the sides tnto the supplements of the corresponding angles. We
shall see several examples of this principle in the next chapter.

29. Any two sides of a spherical triangle are together greater
than the third side. (See fig. to Art. 18.)

For any two of the three plane angles which form the solid
angle at O are together greater than the third (Euclid, x1. 20).
Therefore any two of the arcs 4B, BC, CA, are together greater
than the third. ‘

- From this proposition it is obvious that any side of a spherical
triangle is greater than the difference of the other two.

30. The sum of the three sides of a spherical triangle is less
than the circumference of a great circle. (See fig. to Art. 18.)
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For the sum of the three plane angles which form the solid
angle at O is less than four right angles (Euclid, x1. 21); therefore

AB BC CA
04 0404

therefore, = AB+ BC + CA is less than 27 x 04 ;

is less than 2w,

that is, the sum of the arcs is less than the circumference of a
great circle.

31. The propositions contained in the preceding two Articles
may be extended. Thus, if there be any polygon which has each
of its angles less than two right angles, any one side is less than the
sum of all the others. This may be proved by repeated use of
Art. 29. Suppose, for example, the figure has four sides, and let
the angular points be denoted by 4, B, C, D. Then

AB + BC is greater than AC;
therefore, AB + BC +CD is greater than AC + CD,
and & fortiort greater than AD.

Again, if there be any polygon which has each of its angles
less than two right angles, the sum of its sides will be less than the
circumference of a great circle. This follows from Euclid, x1. 21,
in the manner shewn in Art. 30. ’

32. The three angles of a spherical triangle are together greater
than two right angles and less than six right angles.

Let 4, B, C be the angles of a spherical triangle ; let o/, ¥, ¢’
be the sides of the polar triangle. Then by Aft. 30,

@ +b +c is less than 2n,
that is, w—A+7—B+7x—C is less than 27,
therefore, A+ B +C is greater than =.

And since each of the angles 4, B, C is less than =, the sum
A + B +C is less than 3.
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33. The angles at the base of an isosceles spherical triangle are
equal.

Ry
c
B
T
0 A

Let ABC be a spherical triangle having AC' = BC; let O be the
centre of the sphere. Draw tangents at the points 4 and B to the
arcs AC and B( respectively; these will meet OC produced in the
same point S, and A4S will be equal to BS.

Draw tangents AT, BT at the points 4, B to the arc 4B; then
AT =TB; join TS. In the two triangles SAT, SBT the sides
S4, AT, TS are equal to SB, BT, T'S respectively; therefore the
angle SAT is equal to the angle SBT'; and these are the angles at
the base of the spherical triangle.

The figure supposes AC and BC to be less than quadrants; if
they are greater than quadrants the tangents to AC and BC will
meet on CO produced through O instead of through C, and the
demonstration may be completed as before. If AC and BC are
quadrants, the angles at the base are right angles by Arts. 8
and 11.

34. If two angles of a spherical triangle are equal, the opposite
sides are equal.

Since the primitive triangle has two equal angles, the polar
triangle has two equal sides; therefore in the polar triangle the
angles opposite the equal sides are equal by Art. 33. Hence in
the primitive triangle the sides opposite the equal angles are
equal.
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35. If one anglcq/'aapheriodlhiangk&cgwwtcrthanam—
ther, the side opposite the greater amgle 18 greater than the side
opposite the other.

B

D

Let ABC be a spherical triangle, and let the angle ABC be
. greater than the angle BAC; then the side AC will be greater
than the side BC. At B make the angle ABD equal to the angle
BAD; then BD is equal to AD (Art. 34), and BD + DC is greater
than BC (Art. 29); therefore AD + DC is greater tha.n B(C'; that
is, AC is greater than BC.

36. If one side of a spherical triangle be greater than another,

the angle opposite the greater side is greater than the angle opposite
the other.

This follows from the preceding Article by means of the polar
triangle.

Or thus; suppose the side AC' greater than the side BC, then
the angle ABC will be greater than the angle BAC. For the
angle ABC cannot be less than the angle BAC by Art. 35, and
the angle 4BC cannot be equal to the angle BAC by Art. 34;
therefore the angle 4 BC must be greater than the angle BAC.
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IV. RELATIONS BETWEEN THE TRIGONOMETRICAL
.FUNCTIONS OF THE SIDES AND ANGLES OF
A SPHERICAL TRIANGLE.

37. To express the cosine of an angle of a triangle in terms of
sines and cosines of the sides.

(4
¥

Let ABC be a spherical triangle, O the centre of the sphere.
Let the tangent at 4 to the arc AC meet OC produced in &, and
let the tangent at A to the arc 4B meet OB produced in D; join
ED. Thus the angle £4D is the angle 4 of the spherical triangle,
and the angle £0.D measures the side a.

From the triangles ADE and ODE we have
DE*=AD*+ AE* - 24D . AE cos 4,
DE*=0D°+ OF* — 20D .0E cosa;
also the angles OAD and OAE are right angles, so that
OD* =04 + AD® and OFE*=O0A4*+ AE’. Hence by subtraction

we have
0=204’+2AD.A.E cos A—20D.0E cos a ;

therefore, cosa= -(—)A _Oﬁ + AL —‘9

OF 0D  OE 0D
. that is, cos @ = cos b cos ¢ + sin b sin ¢ cos 4.
Hence cos 4 is expressed as required.

cos 4 ;
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38. We have supposed, in the construction of the preceding
article, that the sides which contain the angle A are less than
quadrants, for we have assumed that the tangents at 4 meet OB
and ‘OC respectively produced. We must now shew that the
formula obtained is true when these sides are not less than quad-
rants. This we shall do by special examination of the cases in
which one side or each side is greater than a quadrant or equal
to a quadrant.

(1) Suppose only one of the sides greater than a quadrant,
for example, 4B. Produce B4 and B(C to meet in B’; and - put
AB =¢,CB =d.

Then we have from the triangle 4B'C, by what has been
already proved, .
cos @’ =cos b cos ¢’ +sin b sin ¢’ cos B'AC ;
but @'=r—a, =mw—¢, BAC=n-A; thus

cos @ = cos b cos ¢ + sin b sin ¢ cos 4.

(2) Suppose both the sides which contain the angle 4 to be
greater than quadrants. Produce 4B and AC to meet in 4°; put
A'B=c, A'C=0¥"; then from the triangle 4'BC, as before,

B
/“'/
AL
\
(4
cos @ =cos b’ cosc +sind sin ¢’ cos 4’;
but ¥’ =x-b c=m—¢c, A'=A; thus,

co8 @ = cos b cos ¢ + sin b sin ¢ cos 4.

T.8 T . c
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(3) Suppose that one of the sides which contain the angle 4
is a quadrant, for example, 4B ; on AC, produced if necessary,

4 4
C
D
- B D
c

take 4D equal to a quadrant and draw BD. If BD is a quadrant
B is a pole of AC (Art. 11); in this case a =

2
ko
as ¢=

3 Thus the formula to be verified reduces to the identity

0=0. If BD be not a quadrant, the triangle BDC gives
cos @ = cos8 CD cos BD + sin CD sin BD cos CDB,

and cos CDB=0, cost:oos(-’—2r~b)=sinb, cos BD=cos 4;

and A=1§ra.swell

thus cosa=gind cos 4 ;
and this is what the formula in Art. 37 becomes when ¢ = g

(4) Suppose that both the sides which contain the angle 4
are quadrants. The formula then becomes cos @ =cos 4; and this
is obviously true, for 4 is now the pole of BC, and thus 4 =a.

Thus the formula in Art. 37 is proved to be universally true.

39. The formula in Art. 37 may be applied to express the
cosine of any angle of a triangle in terms of sines and cosines of
the sides; thus we have the three formuls,

co8 @ =co8 b cos c+sin b sin ¢ cos 4,
cos b=cos ¢ cos a+sin ¢ sin a cos B,
o8 ¢ =co8 & cos b+gin @ sin b cos C.
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These may be considered as the fundamental equations of Spheri-
cal Trigonometry; we shall proceed to deduce various formulse
from them.

40. To express the sine of an angle of a spherical triangle.

‘We have cosA:W;
sin b sin ¢
_ 2
therefore sinffd=1- (W)
sin b sin ¢
_ (1 —cos®b)(1 —cos® ¢c) — (cos @ — cos b cos ¢)*
- sin® b sin® ¢

_1—cos®a— cos®d— cos’c + 2 cosacosbcosc
B sin’ b sin’¢ ’

sin 4 = (1 —cos’a—cos*b—cos’c+ 2 cosa cosb cosc)

therefore - .
gin b sin ¢

The radical on the right-hand side must be taken with the posi-
tive sign, because sin d, sin ¢, and sin 4 are all positive.

41. From the value of sin 4 in the preceding article it fol-
lows that
sind sinB _sinC
sing sind sine’

for each of these is equal to the same expression, namely,

(1 —cos® @ —cos® b — cos’ ¢ + 2 cos a cos b cosc)
sing sin b sin ¢ :

Thus the sines of the angles of a spherical triangle are proportional
to the sines of the opposite sides. We will give an independent
proof of this proposition in the following article.

42. The sines of the angles of a spherical triangle are propor-
tional to the sines of the opposite sides.
c2
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Let ABC be a spherical triangle, O the centre of the sphere.
Take any point 2 in 04, draw PD perpendicular to the plane

A

BOC, and from D draw DE, DF perpendicular to OB, OC respec-
tively; join PE, PF, OD.

Since PD is perpendicular to the plane BOC, it is perpendi-
cular to every line in that plane; hence

PE*=PD* + DE*=PO* - OD'+ DE* = PO° - OE* ;

thus PEO is a right angle. Therefore PE=0P sin POE=OP sinc;
and PD=PE sin PED = PE sin B = OP sin¢ sin B.

Similarly, PD = OP sinb sin C; therefore

OP sinc¢ sin B=0P sinb sin(C;

therefore —_—A =

The figure supposes b, ¢, B, and C all less than a right angle;
it will be found on examination that the proof will hold when the
figure is modified to meet any case which can occur. If, for
instance, B alone is greater than a right angle, the point D will
fall beyond OB instead of between OB and OC; then PED will
be the supplement of B, and thus sin PED is still equal to sin B..

43. Toprovetkatcotasmb cot 4 sin C + cos b cos C,
. cosa=cosb cosc+sinbdsinc cosd,
cos ¢ =cosa cosb + sina sin § cos C,
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Substitute the values of cosc¢ and sine in the first equation ;
thus : ?

cos @ = (cosa cos b + sin g sin b cos ) cop b4 R sinboosdsinC

sin 4 ’

by transposition
cosasin’b=sina sinbd cosb cosC +sina sin b cot 4 sinC';
divide by sin @ sin b ; thus )

cot @ sin b =cos b cos C + cot 4 sin C.

44. By interchanging the letters five other formule may be
obtained like that in the preceding article; the whole six formule
will be as follows:

cot a sin b=cot 4 sin C'+cos b cos C,
cot b gin @ =cot B sin C + cos a cos C,
cot b sin ¢ =cot B sin A + cos ¢ cos 4,
cot ¢ sin b =cot C sin 4 +cos b cos 4,
cot ¢ sin a=cot C sin B+ cos a cos B,
cot a sin ¢=cot 4 sin B+ cos ¢ cos B.

45. To express the sine, cosine, and tangent, of half an angle
of a triangle as functions of the sides.
cosa —cosb cosc
We have, byArt 37, cos d = W,
cosa—cosb cosc cos(b—c)—cosa
sinbsine = sinbsine ’

therefore 1 -cosd=1-

.4 sind(@+b-c)sind(@—-b+c)
02 _
therefore  sin 5 = b sinc .

Let 2e=.a+b +¢, 8o that s is half the sum of the sides of
the triangle; then _

a+b-c=28-2c=2(8—c), a-b+c=23-2b=2(s-b);
8m,:i;=sin(ar—b) sin (8 —¢)

thus . 2 sin b sin ¢

b
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. 4 sin (s — b) sin (s —¢)

wnd mi_\/{ sin b sin ¢ }

Also i+coA_1+wsa—cosbeosc cosa—cos (b+c)
’ sa= sin b sin ¢ smbsnc

therefore
cos’A sind(a+b+c)sind(d+c—a) _sins sin (s — a)
2 sin b sin ¢ sinbsine ’

smssm(s—a)
sud oosg &/ T sinbsinc }

From the expressions for sm% and cos% we deduce

tan __ J sm.(a—b.) sin(e-c)}.
sin # sin (8 — a)
The positive sign must be given to the radicals which occur in
this article, because

%is less than a right angle, and therefore its
sine, cosine, and tangent are all positive.

46. Since sinA=2sin%cosg, we obtain

sinA:si—E—l?E—é{smsmn(e a) sin (83— b)sm(a c)}é

It may be shewn that the expression for sin 4 in Art. 40
agrees with the present by putting the numerator of that expres-
sion in factors, as in Plane T'rigonometry, Art. 115. We shall
find it convenient to use a symbol for the radical in the value of
sin 4 ; we shall denote it by =, so that

n® = sin & sin (s —a) sin (8 —b) sin (s—¢),

and 4n°=1—cos® a—cos" b— cos® ¢+ 2 cos acos b cos c.
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47. To express the cosine of a side of a triangle in terms of
sines and cosines of the angles.

In the formula of Art. 37 we may, by Art. 28, change the
sides into the supplements of the corresponding angles and the
angle into the supplement of the corresponding side; thus

cos (r — 4) = cos (w — B) cos(w — C)+ sin (x — B) sin (x—C) cos (w—a),

that is, cos 4 = —cos B cos C + sin B sin C cos a.
Similarly  cos B=—cos C cos 4 + sin C sin 4 cos d,
and co8 C'=—cos8 4 cos B +sin 4 sin B cose.

48. The formuls in Art. 44 will of course remain true when
the angles and sides are changed into the supplements of the cor-
responding sides and angles respectively; it will be found, how-
ever, that no new formule are thus obtained, but only the same
formule over again. This consideration will furnish some assist-
ance in retaining those formuls accurately in the memory.

49. To express the sine, cosine, and tangent, of half a side of a
triangle as functions of the angles.

cos 4 +cos B cosC

‘We have, by Art. 47, cosa=

gin BsinC
therefore
1—cosa = l_cosA+cosB cosC_ cosd+cos(B+C)
sin B sin snBsnC
therefore  sin® 2=— cos 4 (4 +B+C)cos §(B+C- 4)
2 sin B sin ' .

Let 2§=4 + B+ (; then B+(C—A4=2(S - 4), therefore
_co8 S cos (S — 4)
sin B sin C

w e/l

. g @
N.DE: )

|



24 RELATIONS BETWEEN THE TRIGONOMETRICAL FUNCTIONS

Also 1+cosa=l+cosA+cosBcosC cos 4 +cos (B-C)

sinBsnC  snBsinC
therefore
o5t ® oos,}(A ~B+(C)cosi(4d+B-C) oos(S B) cos (S—-C)
cos'g = sin B sin C sin B sin C !
a cos (§' — B) cos (§-C)
and 0055_\/{ sin B gin C }

cos § cos (S — 4)
Hence tang = ~/ & @B E0)

The positive sign must be given to the radicals which occur in

this article, because =

3 is less than a right angle.

50. The expressions in the preceding article may also be
obtained immediately from those given in Art. 45 by means of
Art. 28.

It may be remarked that the values of sin o 30 cos 2 3 a.nd‘tang

are real. For S is greater than one right angle and less than three
right angles by Art. 32 ; therefore cos § is negative. And in the
polar triangle any side is less than the sum of the other two ; thus
m—A is less than w#~B+7w—C; therefore B+ C — 4 is less than

w; therefore § — A4 is less than § ,and B+C—-4 is algebraically

greater than —m, so that S— 4 is algebraically greater than — = ;
therefore cos(§—4) is positive. Similarly also cos (S — B) and
c0s (S~ C)are positive. Hence the values of sin 3, cos 3, and tan
are real.

51. Since sin a =2 singoosg, we obtain

sina = C{—cosScos(S—A)cos(S—B)cos(S_o)}&.

sin B sin
We shall use V for {— cos S cos (S —4) cos (S —B) cos S -0
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52. To prove Napier's
sind _
sina

‘We have

then, by a theorem of Algeb:

m=—
sin

and also m= -si

sin

Now cos 4 + cos B cos C =si

and cos B +cos 4 cos(C =si
therefore, by addition,

. (cos 4 + cos B) (1 + cos (

therefore by (1) we have
sind +sin B _
cos d+cosB

that is, tan } (4 + B)
Similarly from (3) and (2
gind —sinB _
cosd+cos B~

that is, tan § (4 - B)
By writing = — 4 for a, ¢

tan 4 (a +9) -

tan 4 (@ —0b) -

The formulee (4), (5), (6),
portions or analogies, and ar
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Analogies ; the last two may be proved without recurring to the
polar triangle by starting with the formule in Art. 39.

53. In equation (4) of the preceding article, cos (¢ —b) and
o ‘

cot 5 are necessarily positive qna.ntitiies; hence the equation

shews that tan 4 (4 + B) and cos 4 (@ + b) are of the same sign;
thus 4 (4 + B) and 4 (a + b) are either both less than a right angle
or both greater than a right angle. This is expressed by saying
that 4 (4 + B) and 3 (a +b) are of the same affection.

54. To prove Gauss's Theorems.

‘We have cosc=cosa cosd +sina sinb cos C'; therefore,
1+cosc=1+cosa cosb +sina sin b(cos® § C—sin®3C)
={1 +cos (& —b)} cos® 1C + {1 + cos (a + b)} sin* 3 C';
therefore cos® 4 ¢ = cos® 4(a — b) cos’ 3 C + cos® § (a +b) sin* 3 C.
Similarly, sin® § ¢ = sin® § (& — b) cos® § C + sin’ (@ + b) sin® 4 C.

Now add unity to the square of each member of Napier’s first
two analogies ; hence by the formule just proved

s cos’dc
8o &(A+B)=oos’1§(a+ b) sin* §C’

“"’*(‘4‘3)%111';(313)0@11'40'

Extract the square roots ; thus, since 4 (4+ B) and 3 (a+08)
are of the same affection, we obtain
cos §(A+B)cosdc=cos(a+b)sindC............ 1),
cos (4 —B)sinde=sing(a+b)sindC............ (2).
Multiply the first two of Napier’s analogies respectively by
these results ; thus
sind(4d+B)cosdec=cosd(a—b)cosdC............(3),
gin 4 (4—B)sin 4e¢=sin4(a—b)cosC............ (4).
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The last four formule are called Gauss’s Theorems, although
they are really due to Delambre.

55. The properties of supplemental triangles were proved
geometrically in Art. 27, and by means of these properties the
formulee in Art. 47 were obtained; but these formule may be
deduced analytically from those in Art. 39, and thus the whole
subject may be made to depend upon the formulse of Art. 39.

For from Art. 39 we obtain expressions for cos 4, cos B, cos C;
and from these we find

cos 4 + cos B cos C

_(cos @ — cos b cos ) sin® a + (cos b — cos a cos ¢) (cos ¢ — cos a cos b)

- sin® @ sin b sin ¢ *
In the numerator of this fraction write 1 — cos’a for sin‘a ; thus
the numerator will be found to reduce to

o008 a (1 — cos® @ — cos® b — cos’c + 2 cos & cos b cos c)
and this is equal to cosa sin B sin (' sin® @ sin b sin ¢, (Art. 41);
therefore cos A +cos B cos C' = cos g sin B sin C.
Similarly the other two corresponding formulse may be proved.

Thus the formule in Art. 47 are established ; and therefore,
without assuming the existence and properties of the Polar Tri-
angle, we deduce the following theorem :—If the sides and angles
of a spherical triangle be changed respectively into the supplements
of the corresponding angles and sides the fundamental formule of
Art. 39 hold good, and therefore also all results deducible from
them.

56. The formule in the present chapter may be applied to
establish analytically various propositions respecting spherical tri-
angles which either have been proved geometrically in the pre-
oeding chapter, or may be so proved. Thus, for example, the
second of Napier's analogies is

mg(A_B)Ji“““'b)mC-

gmi(@a+b) 2’
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this shews that 4 (4 — B) is positive, negative, or zero, according as
4(a—b) is positive, negative, or zero; thus we obtain all the re-
sults included in Arts. 33—36.

57. If two triangles have two sides of the one equal to two
sides of the other, each to each, and likewise the included angles
equal, then their other angles will be equal, each to each, and like-
wise their bases will be equal.

We may shew that the bases are equal by applying the first
formula in Art. 39 to each triangle, supposing b, ¢, and 4 the
same in the two triangles; then the remsining two formule of
Art. 39 will shew that B and C are the same in the two triangles.

It should be observed that the two triangles in this case are
not necessarily such that one may be made to coincide with the
other by superposition. The sides of one may be equal to those of
the other, each to each, but in a reverse order, as in the following
figures.

Two triangles which are equal in this manner are said to be
symmetrically equal ; when they are equal so as to admit of super-
position they are said to be absolutely equal.

58. If two spherical triangles have two sides of the one equal to
two sides of the other, each to each, but the angle which is contained
by the two sides of the one greater than the angle which 8 contained
by the two sides which are equal to them of the other, the base of that
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which has the greater angle will be greater than the base of the
other; and conversely.
Let b and ¢ denote the sides which are equal in the two tri-

angles; let a be the base and 4 the opposite angle of one triangle,
and @’ and 4’ similar quantities for the other. Then

cos @ =co8 b cosc+sin b sin ¢ cos 4,
cos a’=cos b cosc+sinbd sin ¢ cos 4’;
therefore cosa—cosa =sin b sin ¢ (cos 4 — cos 4) ;
that is,
sin (a+a) sin 4 (a—a)=sind sinc sin 4 (4 + 4) sin } (4 - 4');
this shews that 4 (¢ —a’) and }(4—4’) are of the same sign.

59. If on a sphere any point be taken within a circle which
8 not s pole, of all the arcs which can be drawn from that point
to the circumference, the greatest is that in which the pole is, and the
other part of that produced s the least; and of any others, that which
18 nearer to the greatest is always greater than one more remote; and
Jrom the same point to the circumference there can be drawn only
two arcs which are equal to each other, and these make equal angles
with the shortest arc on opposite sides of .

This follows readily from the preceding three articles.

60. We will give another proof of the fundamental formuls
in Art. 39, which is very simple, requiring only a knowledge of
the elements of Co-ordinate Geometry.

Suppose ABC any spherical triangle, O the centre of the
sphere; take O as the origin of co-ordinates, and let the axis of 2
pass through C. Let z, y,, 2, be the co-ordinates of 4, and z,,
¥, 2, those of B, r the radius of the sphere. Then the square of
the straight line 4B is equal to
, (@ -z + (1 —y)' + (5, -2
and also to 7 +7* — 21 cos AOB;
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and 2°+y*+2° =1, =x'+y’+2"'=7r"; thus
22, + Yy, +22,=1r cos AOB.
Now make the usual substitutions in passing from rectangular
to polar co-ordinates, namely,
z,=rco8f, x =rsinb cosd,, y =rsinb sing,
z,=7cosf, w,=rgn,cos¢, y,=rsinb,sine,;
thus we obtain
co8 0, cos 0, +sin 6, sin 0, cos (¢, — ¢,) = cos 40B,
that is, in the ordinary notation of Spherical Trigonometry,
cosa cosb+sina sinb cos C = cosc.
This method has the advantage of giving a perfectly general
proof, as all the equations used are universally true.

EXAMPLES.

1. If 4 =a, shew that B and b are equal or supplemental, as
also C and c.

2. If one angle of a triangle be equal to the sum of the other
two, the greatest side is double of the distance of its middle point
from the opposite angle.

3. When does the polar triangle coincide with the primitive
triangle? '
4. If D be the middle point of 4B, shew that
c08 AC + cos BC' = 2 cos 4 AB cos CD.

5. If two angles of a spherical triangle be respectively equal
to the sides opposite to them, prove that the remaining side is the
supplement of the remaining angle; or else that the triangle has
two quadrants and two right angles, and then the remaining side

is equal to the remaining angle.
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6. In an equilateral triangle, prove that 2 cosg sin % =1L

7. In an equilateral triangle, prove that tan® %: 1-2cosd;
hence deduce the limits between which the sides and angles of an
equilateral triangle are restricted.

8. In an equilateral triangle, prove that sec 4 =1 + seca.

9. If the three sides of a spherical triangle be halved and
a new triangle formed, the angle 8 between the new sides 12’ and %

is given by cos 6= cos 4 + } tan 5 tan J sin®6.

10. AB, CD are quadrants on the surface of a sphere inter-
secting in Z, the extremities being joined by great circles; prove
that

cos AEC = cos AC cos BD — cos BC cos A D.

11. If b+ ¢ =, prove that sin 2B +sin 2C = 0.

12. If DE be an arc of a great circle bisecting the sides 4B,
AC of a spherical triangle in D and E, P a pole of DE, and PB,
PD, PE, PC be joined by arcs of great circles, shew that the angle
BP( = twice the angle DPE.

13. Shew that

sin b sin ¢ + cos b cos ¢ cos 4 = sin B sin C' — cos B cos (' cos a.

14. If D be any point in the side BC of a triangle, shew that
cos AD sin BC = cos AB sin DC + cos AC sin BD.
15. Prove that if 0, ¢, ¥ be the lengths of arcs of great circles
drawn from 4, B, C perpendicular to the opposite sides,
gin @ sin @ = sin b sin ¢ = sin e sin y

=J(l-ws’a—om’6—cos'c+2cosa cos b cos c).
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16. 1In a spherical triangle, if 6, ¢,  be the arcs bisecting the
angles 4, B, C respectively and terminated by the opposite sides,
shew that

cotocos‘zi+cot¢cos§+wt¢cos§=eota+ootb+cotc.

17. Two ports are in the same parallel of latitude, their com-
mon latitude being ! and their difference of longitude 2A; shew
that the saving of distance in sailing from one to the other on the
great circle, instead of sailing due East or West, is

2r {\ cos! — sin™ (sin A cos 0)},
A being expressed in circular measure, and » being the radius of
the Earth.

18. If a ship be proceeding uniformly along a great circle and
the observed latitudes be /,, I, 7,, at equal intervals of time, in
each of which the distance traversed is s, shew that

8= ,.cos_,sm;(l +1)cosd(l, —la)
gin /,

7 denoting the Earth’s radius; and shew that the change of longi-
tude may also be found in terms of the three latitudes. -

V. SOLUTION OF RIGHT-ANGLED TRIANGLES.

61. In every spherical triangle there are six elements, namely,
the three sides and the three angles, besides the radius of the
sphere, which is supposed constant. The solution of spherical tri-
angles is the process by which, when the values of a sufficient
number of the six elements are given, we calculate the values of
the remaining elements. It will appear, as we proceed, that when
the values of three of the elements are given, those of the remain-
ing three can generally be found. We begin with the right-angled
triangle ; here two elements, in addition to the right angle, will be

supposed known.
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62. The formule requis
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Multiply together the two formulse (4); thus,

tanAta.nB:tafnatfmb=' L =Lby 1);
sin @ sin cosacosb cosc

therefore cosc=cotdcot B ............ceeeeneee... (5)

Moultiply crosswise the second formula in (2) and the first
in (3); thus sina cos Btanc =tana sin 4 sinc;

sin A cos ¢

therefore cosB:W_smA oos b by (1).
thus cos B=sin 4 cosb) ©)
So o] ly cosA:sinBcosaj ---------------------------

These six formul® comprise ten equations; and thus we can
solve every case of right-angled triangles. For every one of these
ten equations is a distinct combination involving three out of the
five quantities a, b, ¢, 4, B; and out of five quantities only ten
combinations of three can be formed. Thus any two of the five
quantities being given and a third required, some one of the pre-
ceding ten equations will serve to determine that third quantity.

63. As we have stated, the above six formule may be ob-
tained from those given in the preceding chapter by supposing C a
right angle. Thus (1) follows from Art. 39, (2) from Art. 41,
(3) from the fourth and fifth equations of Art. 44, (4) from the
first and second equations of Art. 44, (6) from the third equation
of Art. 47, (6) from the first and second equations of Art. 47,

Since the six formule may be obtained from those given in
the preceding chapter which have been proved to be universally
true, we do not stop to shew that the demonstration of Art. 62
may be applied to every case which can occur ; the student may
for exercise investigate the modifications which will be necessary
when we suppose one or more of the quantities a, b, ¢, 4, B equal
to a right angle or greater than a right angle.
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. 64. Certain properties of right-angled triangles are deducible
from the formule of Art. 62.

From (1) it follows that cos ¢ has the same sign as the product
cos @ cos b; hence either all the cosines are positive, or else only
one is positive. Therefore in a right-angled triangle either all the
three sides are less than quadrants, or else one side is less than a
quadrant and the other two sides are greater than quadrants.

From (4) it follows that tan ¢ has the same sign as tan 4.
Therefore 4 und a are either both greater than ’-25, or both less

than -’25; this is expressed by saying that 4 and a are of the same
affection. Similagly B and b are of the same affection.

65. The formulsee of Art. 62 are comprised in the following
enunciations, which the student will find it useful to remember;
the results are distinguished by the same numbers as have been
already applied to them in Art. 62; the side opposite the right
angle is called the hypothenuse:+

Cos hyp = product of cosines of sides .................. (1),
Cos hyp =product of cotangents of angles ............ ),
Sine side = sine of opposite angle x sine hyp............ 2),
Tan side = tan hyp x cos included angle ............... 3)

Tan side = tan opposite angle x sine of other side......(4),
Cos angle= cos opposite side x sine of other angle...... (6).

66. Napier's Rules. The formule of Art. 62 are comprised
in two rules, which are called, from their inventor, Napier's Rules
of Circular Parts. Napier was also the inventor of Logarithms,
and the Rules of Circular Parts were first published by him in a
work entitled Mirificc Logarithmorum Canonis Descriptio......
Edinburgh, 1614. These rules we will now explain.
‘ D 2



-36 SOLUTION OF RIGHT-ANGLED TRIANGLES.

The right angle is left out of consideration; the two sides
which include the right angle, the complement of the hypothenuse,
and the complements of the other angles are called the circular

parts of the triangle. Thus there are five circular parts, namely,
ki

a,b,g-A, 56 §—B and these are supposed to be ranged

_round a circle in the order in which they naturally occur with
respect to the triangle.

Any one of the five parts may be selected and called the
middle part, then the two parts next to it are called adjacent
ports, and the remaining two parts are “called opposite parts. For

example, if T 3~ B is selected as the middle part, then the adjacent

parts are a and ’—;—c,andthe opposite parts are bandg—A.

Then Napier’s Rules are the following:
sine of the middle part = product of tangents of adjacent parts,
sine of the middle part = product of cosines of opposite parts.

67. Napier’'s Rules may be proved by shewing that they
agree with the results already established. The following table
-shews the required agreement: in the first column are given the
middle parts, in the second column the results of Napier'’s Rules,
and in the third column the same results expressed as in Art. 62,
with the number for reference used in that article.
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Let ABC be a spherical triangle right-angled at C'; with
as pole describe a great circle DEFG, and with 4 as pole descril
a great circle ZFKL, and produce the sides of the original triang
ABC to meet these great circles. Then since B is a pole of DEF
the angles at D and @ are right angles, and since 4 is a pole
HFKL the angles at H and L are right angles. Hence the fir
triangles BAC, AED, EFH, FKG, KBL are all right-angled ; ax
moreover it will be found on examination that, although the el
ments of these triangles are different, yet their circular parts a
the swme. We will consider, for example, the triangle AZD; tl
angle £AD is equal to the angle BAC; the side AD is the cor
plement of 4B ; as the angles at C and & are right angles % is
pole of GC (Art. 13), therefore £4 is the complement of AC; .
B is a pole of DE the angle BED is a right angle, therefore tl
angle AED is the complement of the angle BEC, that is, tl

*angle A ED is the complement of the side BC (Art. 12); and six
larly the side DE is equal to the angle DB, and is therefore t
complement of the angle ABC. Hence, if we denote the elemex
of the triangle 4BC as usual by a, b, ¢, 4, B, we have in t|

triangle 4 ZD the hypothenuse equal to ;—r'—b, the angles equal
A and % —a, and the sides respectively opposite these angles equ

to %—Band g-c. The circular parts of AED are therefore t|
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same as those of 4BC. Similarly the remaining three of the five
right-angled triangles may be shewn to have the same circular
parts as the triangle 4BC has. :

Now take two of the theorems in Art. 65, for example (1) and
(3); then the truth of the ten cases comprised in Napier's Rules will
be found to follow from applying the two theorems in succession
to the five triangles formed in the preceding figure. Thus this
method of considering Napier's Rules regards each Rule, not as the
statement of dissimilar properties of one triangle, but as the state-
ment of similar properties of five allied triangles. .

69. In Napier's work a figure is given of which that in the
preceding Article is a copy, except that different letters are used ;
Napier briefly intimates that the truth of the Rules can be easily
seen by means of this figure, as well as by the method of induction
from consideration of all the cases which can occur. The late
T. 8. Davies, in his edition of Dr Hutton’s Course of Mathematics,
drew attention to Napier's own views and expanded the demon-
stration by a systematic examination of the figure of the preceding
article. It is however easy to evade the necessity of examining
the whole figure; all that is wanted is to observe the connexion
between the triangle 4£.D and the triangle BAC. For let a,, a,,
a,, a,, @, represent the elements of the triangle BAC taken in
order, beginning with the hypothenuse and omitting the right
angle; then the elements of the triangle AZD taken in order,
beginning with the hypothenuse and omitting the right angle, are
%—aa, g—a‘, ;-aﬁ, g—a,, and a,. If, therefore, to characterise
the former we introduce a new set of quantities p,, p,, 2,, 2, P;»
such that al+pl=a,+p,?a5+p,=%, and that p,=a, and p,=a,,

then the original triangle being characterised by p,, »,, P,, 2, Ps
the second triangle will be characterised by p,, p,, »,, p,, p,- As
the second triangle can give rise to a third in like manner, and so
on, we see that every right-angled triangle is one of a system of
five such triangles which are all characterised by the quantities
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P> Poy Py P P, 8lways taken in order, each quantity in its turn
standing first.

70. Opinions have differed with respect to the w#ility of
Napier’s Rules in practice. Thus Woodhouse says, “In the whole
compass of mathematical science there cannot be found, perhaps,
rules which more completely attain that which is the proper
object of rules, namely, facility and brevity of computation.”
(Trigonometry, chap. x.) On the other hand may be set the fol-
lowing sentence from Airy’s Trigonometry (Encyclopedia Metro-
politana): “In the opinion of Delambre (and no one was better
qualified by experience to give an opinion) these theorems are best
recollected by the practical calculator in their unconnected form.”
Professor De Morgan strongly objects to Napier's Rules, and says
(Spherical Trigonometry, Art. 17): “There are certain mnemonical
formulse called Napier's Rules of Circular Ports, which are gene-
rally explained. We do not give them, because we are convinced
that they only create confusion instead of assisting the memory.”

71. We shall now proceed to apply the formule of Art. 62
to the solution of right-angled triangles. We shall assume that
the given quantities are subject to the limitations of Arts. 22 and
23, that is, a given side must be less than the semicircumference
of a great circle, and a given angle less than two right angles.
There will be six cases to consider.

72. Hawing given the hypothenuse ¢ and an angle A.

Here we have from (3), (5) and (2) of Art. 62, .
tan b =tan ¢ cos 4, cot B=cos ¢ tan 4, sin @ =sin ¢ sin 4.

Thus b and B are determined immediately without ambiguity ;

and as & must be of the same affection, as 4 (Art. 64), a also is
determined without ambiguity.

It is obvious from the formulse of solution, that in this case
the triangle is always possible.

If ¢ and 4 are both right angles, a is a right angle, and & and
B are indeterminate.
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73. Hawing given a side k
Here we have from (3), (4)

tan b
cos 4’

Here ¢, a, B are determin
angle is always possible.

tan ¢ = tan ¢ = t:

74. Hawing given the two
Here we have from (1) and
cos ¢=cos a cos b, cot 4

Here ¢, A, B are determin
angle is always possible.

75. Having given the hypc
Here we have from (1), (3)

cos ¢
co8b=——, cosB
cosa

Here b, B, A are determin
be of the same affection as a.
that there are limitations of tk
triangle ; in fact, ¢ must lie be'
values found for cos b, cos B, :
greater than unity.

If ¢ and a are right angles,
indeterminate.

76. Having given the two
Here we have from (5) and

cosc=cot 4 cot B, cos

Here ¢, a, b are determin
limitations of the data in order
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suppose 4 less than 3, then B must lie between g—A and ;+A;
next suppose 4 greater .tha.n g , then B must lie between
5~ (r—4) and T+ (r— ), that is, between 47 and 37— 4.
77. Having given a side a and the opposite angle A.

Here we have from (2), (4) and (6) of Art. 62,
_sina
“sind’

cos A

sin ¢ .
cos @

gin b =tana cot 4, sinB=

Here there is an ambiguity, as the parts are determined from
their sines. If sin a be less than sin A, there are two values ad-
missible for ¢; corresponding to each of these there will be in
general only one admissible value of b, since we must have cosc
=cosa cos b, and only one admissible value of B, since we must
have cosc=cot 4 cot B. Thus if one triangle exists with the
given parts, there will be in general two, and only two, triangles
with the given parts. We say i¢n gemeral in the preceding sen-
tences, because if a=4 there will be only one triangle, unless a
and A4 are each’ right angles, and then b and B become inde-
terminate, '

It is easy to see from a figure that the ambiguity must occur
in general.

B

For, suppose BAC to be a triangle which satisfies the given
conditions; produce 4B and AC to meet again in 4’; then the
triangle 4’BC also satisfies the given conditions, for it has a right
angle at C, BC the given side, and 4’= 4 the given angle,
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"If @ =4, then the formul® of solution shew that ¢, b, and B
re right angles; in this case 4 is the pole of BC, and the triangle
1BC is symmetrically equal to the triangle 4BC (Art. 57).

If a and 4 are both right angles, B is the pole of 4C; B and b
re then equal, but may have any value whatever.

There are limitations of the data in order to insure a possible
riangle. 4 and ¢ must have the same affection by Art. 64; hence
he formule of solution shew that o must be less than 4 if both
e acute, and greater than 4 if both are obtuse.

EXAMPLES,
If ABC be a triangle in which the angle C is a right angle,
rove the following relations contained in Examples 1 to 5.
b

290 s 3@ o 3@ 29_
1. Sin g =sin 2oos’2+eos g sin’ 5.

2. Ton}(c+0) tan (c— o) =ten' 5.
3. Sin (o )= tan' 5 sin (o + 8)

‘4. Singtandd —sinbdtan} B=sin(a-d).
8in (¢ — a) =sin b cos @ tan } B,
Sin(c—a)=tanb cosctan } B.

o

6. If ABC be a spherical triangle, right-angled at C, and
08 A = cos’a, shew that if 4 be not a right angle b+c=4= or

:-u-, according as b and ¢ are both less or both greater than g.

7. If o, B be the arcs drawn from the right angle respectively
rerpendicular to and bisecting the hypothenuse ¢, shew that

s

sin%.,,/(l+sin’a)=sinﬁ.
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8. In a triangle, if ¢ be a right angle and .D the middle point
of 4B, shew that

4 cos® g sin® CD = sin’a + sin®b.

9. In a right-angled triangle, if 8 be the length of the arc
drawn from C at right angles to the hypothenuse 4 B, shew that

cot 8 = \/(cot*a + cot*b).

10. 044, is a spherical triangle right-angled at 4, and acute-
angled at 4 ; the arc 4, 4, of a great circle is drawn perpendicular
to 04, 4, 4, is drawn perpendicular to 0O4,, and so on; prove
that 4 A4, vanishes when n becomes infinite; and find the value
of cos 44, cos A A, cos 4_A,......to infinity.

11. ABC is a right-angled spherical triangle, 4 not being the
right angle; prove that if 4=a, then ¢ and b are quadrants.

12. If 8 be the length of the arc drawn from C at right
angles to AB in any triangle, shew that

cosS=cosecc(cos’a+oos’b—2cosacosbeosc)‘.

13. ABC is a great circle of a sphere; AA4’, BB, CC’, are arcs
of great circles drawn perpendicular to 4BC and reckoned posi-
tive when they lie on the same side of it; prove that the condition
of 4’, B/, (' lying in a great circle is

" tan A4’ sin BC + tan BB’ sin CA + tan C("sin 4B = 0.

14. Perpendiculars are drawn from the angles 4, B, C of any
triangle meeting the opposite sides in D, E, F respectively; shew
that

tan BD tan CE tan AF = tan DC tan EA4 tan FB.

15. Oz, Oy are two great circles of a sphere at right angles to
each other, P any point in 4B another great circle. OC =p is the
arc perpendicular to 4B from O, making the angle CUz = a with
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w. PM, PN are arcs perpendicular to Oz, Oy respectively ; shew
1t if OM = and ON =y,

cos a tan  + sin a tan y = tan p.

16. The position of a point on a sphere, with reference to two
reat circles at right angles to each dther as axes, is determined
y the portions 6, ¢ of these circles cut off by great circles through

he point, and through two points on the axes, each g from their
oint of intersection; shew that if the three points (6, ¢), (¢#, ¢"),
9, ¢”) lie on the same great circle
tan ¢ (tan & — tan 6”) + tan ¢’ (tan ¢ — tan )
+ tan ¢ (tan 6 — tan ') = 0.

17. If a point on a sphere be referred to two great circles at
ight angles to each other as axes, by means of the portions of
hese axes cut off by great circles drawn through the point and

wo points on the axes each 90° from their intersection, shew that
he equation to a great circle is

tan 6 cota + tan ¢ cot 8 = 1.

w

18. In a triangle, if A=§, B=3, and C=g, shew that

;+b+c=g.
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V1. SOLUTION OF OBLIQUE-ANGLED TRIANGLES

78. The solution of oblique-angled triangles may be made in
some cases to depend immediately upon the solution of right-
angled triangles; we will indicate these cases before considering
the subject generally.

(1) Suppose a triangle to have one of its given sides equal to
a quadrant. In this case the polar triangle has its corresponding
angle a right angle; the polar triangle can therefore be solved by
the rules of the preceding chapter, and thus the elements of the
primitive triangle become known.

(2) Suppose among the given elements of a triangle there are
two equal sides or two equal angles. By drawing an arc from the
vertex to the middle point of the base, the triangle is divided into
two equal right-angled triangles; by the solution of one of these
right-angled triangles the required elements can be found.

(3) Suppose among the given elements of a triangle there
are two sides, one of which is the supplement of the other, or two
angles, one of which is the supplement of the other. Suppose, for
example, that b+ ¢ =, or else that B + (' == ; then produce B4 and
BC to meet in B (see the first figure to Art. 38); then the triangle
B'AC has two equal sides given, or else two equal angles given;
and by the preceding case the solution of it can be made to depend
upon that of a right-angled triangle.

79. We now proceed to the solution of oblique-angled tri-
angles in general. There will be six cases to consider.

80. Having given the three sides.

Here we have wsA:%;nbcm, and similar formule

for cos B and cos . Or if we wish to use formuls suited to logs-




SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 47

rithms, we may take the formula for the sine, cosine, or tangent of
half an angle given in Art. 45. In selecting a formula, attention
should be paid to the remarks in Plane Trigonometry, Chap. XII.
towards the end.

81. Having given the three angles.

Here we have ma:mA.+ cos.BcosC’ and similar formule

sin B sin ¢
for cosb and cosc. Or if we wish to use formule suited to loga-
rithms, we may take the formula for the sine, cosine, or tangent of

half a side given in Art. 49.

There is no ambiguity in the two preceding cases; the triangles
however may be impossible with the given elements.

82. Having given two sides and the included angle (a, C, b).
By Napier's analogies

cos 4 (a — b)
cos 4 (a +b)

tan*(A—B):-:;%gg—}g;cotio;

these determine 4 (4 + B) and } (4 — B), and thence 4 and B.

tan § (4 + B) = oot 4 C,

Then ¢ may be found from the formula sine = sms?::;_(}' ; in
this case, since ¢ is found from its sine, it may be uncertain which
of two values is to be given to it; the point may be sometimes
settled by observing that the greater side of a triangle is opposite
to the greater angle. Or we may determine ¢ from equation (1) of

Art. 54, which is free from ambiguity.

Or we may determine ¢, without previously determining 4 and
B, from the formula cosc=cosa cosbd +sina sind cos C'; this is
free from ambiguity. This formula may be adapted to logarithms
thus;

cosc=cos b(cos a +sin @ tan b cos C) ;
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assume tan 6 =tan b cos C'; then
eosc=oosb(oosa+sinatan0)_—.°m__o);'
cos 6

this is adapted to logarithms.

B
D

Or we may treat this case conveniently by resolving the tri-
angle into the sum or difference of two right-angled triangles.
From 4 draw the arc 4.D perpendicular to CB or CB produced;
then, by Art. 62, tan CD =tanb cosC, and this determines CD,
and then DB is known. Again, by Art. 62,

» Co8b
._ wsc:cosADeosDB:cosDBm——CD,
this finds ¢. It is obvious that CD is what was denoted by 6 in
the former part of the Article.

By Art. 62,
tan AD = tan C' sin CD, and tan 4D = tan 4 BD sin DB;
thus tan ABD sin DB = tan C sin 6,

where DB=a — 6 or 6 - a, according as D is on CB or CB pro-
duced, and 4ABD is either B or the supplement of B; this for-
mula enables us to find B independently of 4.

Thus, in the present case, there is no real ambiguity, and the
triangle is always possible,
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83. Having given two angles and the included side (A, c, B).
By Napier’s analogies,

_cosd(d-B)
tan % (a +b) = m
sin 3 (4 - B)
sin 4 (4 + B)

these determine 4 (a+3) and 4 (a—d), and thence a and 2.

tan e,

tan § (o -8) = tan {¢;

Then ¢’ may be found from the formula sinC:M’ in
sinag °

this case, since C is found from its sine, it may be uncertain which
of two values is to be given to it ; the point may be sometimes
settled by observing that the greater angle of a triangle is opposite
to the greater side. Or we may determine C from equation (3) of
Art. 54, which is free from ambiguity.

Or we may determine C without previously determining ¢ and
b from the formula cos C'=~— cos 4 cos B + sin 4 sin Bcose. This
formula may be adapted to logarithms, thus ;

co8 C' = cos B (- cos 4 + 8in 4 tan B cosc) ;

assume cot ¢ =tan B cose; then
cos C'=cos B (— cos 4 + cot ¢ sinA):W;
this is adapted to logarithms.

Or we may treat this case conveniently by resolving the tri-
angle into the sum or difference of two right-angled triangles.
From 4 draw the arc 4D perpendicular to CB (see the right-
hand figure of Art. 82); then, by Art. 62, cosc=cot.B cot DAB,
and this determines DAB, and then CAD is known. Again,

by Art. €2,
cos AD sin CAD = cos C and cos 4D sin BAD = cos B;
therefore conC__ o8B . ihis finds C.

2 CAD ~ smB4AD °
It is obvious that DAB is what was denoted by ¢ in the former
part of the Article.

T. 8. T. E
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By Art. 62,

tan 4D = tan AC cos CAD, and tan AD =tan AB cos BAD;
thus tan b cos CAD = tan ¢ cos ¢,
where CAD = 4 — ¢; this formula enables us to find b indepen-
dently of a.

Similarly we may proceed when the perpendicular 4.D falls on
OB produced ; (see the left-hand figure of Art. 82).

Thus, in the present case, there is no real ambiguity; more-
over the triangle is always possible.

84, Having given two sides and the amgle opposite one of them
(s b, A).
The angle B may be found from the formula
sin B = mié sin 4,
sin @
and then C and ¢ from Napier’s analogies,

cos 4 (@ —b) ! :
e d(aip) A+ D)
cos §(4+ B)
cos $(4—B)
In this case, since B is found from its sine, there will sometimes
be two solutions; and sometimes there will be no solution at all,
namely, when the value found for sin B is greater than unity. We
will presently return to this point. (See Art. 86.)

We may also determine (' and ¢ independently of B by for-
mule adapted to logarithms, For, by Art. 44,

tan 4 0=

tand c= tan 4 (@ + b).

cot @ 8in b= cos b cos € + sin € cot 4 =cos b (cos C +

assume tan:bécd;A

cot 4 .
cos b gin C);

cos b’ thus

cos b cos (C — ¢b)
cos ¢

cot @ sin b = cos b (cos C + tan ¢ sin C) =

“e

therefore cos (0 —¢)=cos¢ cota tan b ;
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from this equation C'—¢ is to be
guity still exists; for if the last
will be satisfied also by ¢ —C=a
values for C, if ¢ + a is less than =

And
eos @ = cos b cos ¢ + 8in b sin ¢ cos 4

assume tan @ = tan d cos 4; thus

cosa=cosb (cosc +sin ¢

therefore cos(c—0) ="
from this equation ¢ — @ is to be fc
be an ambiguity as before,

Or we may treat this case cc
angle into the sum or difference of

4

D

Let C4=0, and let CAE =+th
CD perpendicular to 4, and let |
shews that there may be two triax
ments, Then, by Art. 62, cosb=
Again, by Art. 62,

tan CD = tan AC cos ACD,

and tan CD = tan CB cos BCD,
therefore tan AC cos ACD = tan C1
this finds BCD or B'CD,

It is obvious that ACD is what
part of the Article.
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Also, by Art. 62, tan 4D = tan AC cos 4 ; this finds 4D. Then
cos AC' = cos C'D cos AD, cos CB = cos CD cos BD,
or cos CB' = cos CD cos B'D;

cos AC  cos CB or cos OB
cosAD cos BD ~ ocosBD’

this finds BD or B'D.

It is obvious that AD is what was denoted by 6 in the former
part of the Article.

therefore

85. Having given two angles and the side opposite one of them
(A, B, a).

This case is analogous to that immediately preceding, and
gives rise to the same ambiguities. The side b may be found from

smBsma,’ and then C and ¢ from Napiers

the formula sinb=——F———
sin 4

analogies,

cos 4 (a —b)

cos 4 (a +0b)

cos 4(4 + B)

cos §(4 - B)

‘We may also determine ' and ¢ independently of b by formule
adapted to logarithms. For
cos A =—cos B cos '+ sin B sin C cos @ :
= 008 B (- cos €' + tan B sin O cos a),
assume cot ¢ =tan B cosa; thus

cos 4 = cos B (— cos C +8in C cot ¢p) =

@40: oot § (4 + B),

tan 4 c= tan 1 (a + B).

cos Bsin (C— @)
~sng

cos 4 sin ¢

cos B ’
from this equation C'— ¢ is to be found and then 0. Since (-¢
is found from its sine there may be an ambiguity. A gain, by
Art. 44,

therefore sin (C—-¢) =
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.

cot 4 sin B =cota sin ¢ — cos ¢ cos B=

cota

s B’ then

assume c6t 0=

oot A sin B=cos B (—oosc +sin ¢
therefore sin(c—6) =cot 4 t

from this equation ¢ — 6 is to be founc
found from its sine there may be an a
be shewn that these results agree witl
the triangle into two right-angled tri:
ACE the arc €D be drawn perper
will=¢, and BD=4.

86. We now return to the con
which may occur in the case of Art. |
and the angle opposite one of them.
tedious from its length, but presents n

Before considering the problem ;
particular case in which @ =b; then
third of Napier’s analogies give

oot C=tand cosa, tar
now cot 4 ' and tan 4 ¢ must both be ;
be of the same affection. Hence, whe
tion at all, unless 4 and a are of t
there will be only one solution; exc
right angles, and then cot 4 C and ts
there is an infinite number of solution

‘We now proceed to the general di:

If sinbsin 4 be greater than sin .
satisfies the given conditions; if sin
sina, the equation sin B = ____sms?ns;n 4
which we will denote by 8 and &, so
pose that B is the one which is not gr
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Now, in order that these values of B may be admissible, it is
necessary and sufficient that the values of cot 4 C' and of taniec
should both be positive, that is, 4 —B and @ —b must have the
same sign by the second and fourth of Napier's analogies. We
have therefore to compare the sign of 4 — 8 and the sign of 4 — 8
with that of a —b. 'We will suppose that 4 is less than a right
angle, and separate the corresponding discussion into three cases.

I Letbbelessthang.

(1) Let a beless than b; the formula sinB:%:;z-sinA makes

B greater than 4, and & fortiori ' greater than A. Hence there
are two solutions.

(2) Let a be equal to b; then there is one solution, as pre-
viously shewn.

(3) Let a be greater than b; we may have then a+ b less than
= or equal to = or greater than x. If @+ is less than a, then
gin g is greater than sinb; thus B is less than 4 and therefore ad-
missible, and 8 is greater than 4 and inadmissible. Hence there
is one solution. If @+ b is equal to =, then 8 is equal to 4, and
f greater than 4, and both are inadmissible. Hence there is no
solution. If a+ b is greater than =, then sing is less than sind,
and 8 and B’ are both greater than 4, and both inadmissible. Hence
there is no solution.

L Letbbeequﬂtog.

(1) Let a be less than b; then 8 and 8 are both greater than
4, and both admissible. Hence there are two solutions,

(2) Let @ be equal to b; then there is no solution, as pre-
viously shewn.
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(3) Let a be greater than 4; then sina is less than sin b, and
B and B are both greater than 4, and inadmissible, Henoe there

i8 no solution.

IIL Letbbegreaterthm’z-'.

(1) Let a be less than b ; we may have then a+b less than
o or equal to = or greater than . If @+ is less than wr, then
sin @ is less than sin b, and B and B8 are both greater than 4 and
both admissible. Hence there are two solutions. If a + b is equal
to ur, then B is equal to 4 and is inadmissible, and B’ is greater
than 4 and admissible. Hence there is one solution. If @+
is greater than = then sin @ is greater than sin b; B is less:
than 4 and inadmissible, and B’ greater than 4 and admissible.
Hence there is one solution, .

(2) Let a be equal to b; then there is no solution, as pre-
viously shewn.

(3) Let a be greater than b; then sin a is less than sin,
and B8 and B are both greater than A and both inadmissible.
Hence there is no solution.

We have then the following results when 4 s less than a
right angle :

a‘<b eerteeettaeereterteetasnensesseseessenseses.5WO SOlutions,

T B=b e s one solution,
a>band a+b<m.....c..c.u................0ne@ solution,
a>band ¢+b=7 Oor >7.ccevrearennnnn. no solution.

pT [O<b e te s tee e e aenaae two solutions,
2 {a BDOr @>b wevevneeeeiiiiieiiriene no solution.
a<b and @a+b<m cevreeviiniiiieiiiinns two solutions,
r .
6>§ a<band a+b=m or >w.ceurvuninnnnn.. one solution,
G=b0 OF >b ceveeerviiiiininiiiienninnenennens no solution,
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It must be remembered, however, that in the cases in which
two solutions are indicated, there will be no solution at all if
sin @ be less than sin b sin 4.

In the same manner the cases in which 4 is equal to a right
angle or greater than a right angle may be discussed, and the
following results obtained :

When A is equal to a right angle,
G<b or =0 ..cocvvuiiiiiiiins v, no solution,
b<‘:§r a>band a+b<m ccovviviiiiiaiiiinianns one solution,
a>band a+b=m OoFr >7 .eereveninnnnnn.n. no solution.
=" a<borazbd ...c..ceevriiiiiiiiiinnnnen. no solution,
2 { BG=0 eieeeenreeeeeiienen infinite number of solutions.
a<band a+0>7 ccovvviviiiiiniinniiiannn. one solution,
b>= a<band a+b=7 OF <®eceevrreernrennn.. no solution,
a=bor a>b ............ceecvueenensnn......O sOlution.
When A is greater than a right angle,
a<bora=b ...........c.eeuveieneenen ..o sOlution,
b<” {da>band a+b=7 OF <T.eeevrrrrrernnnen. one solution,
a>band a+b>m ceieiiiiniiiiniiiniinn, two solutions.
p=" {a<b OF =0 .eevrrireiiniiiniriiiinninnnenens no solution,
2 a2 e two solutions.
a<band a+b>7 ceveeiiiiiiiiiniiiiiannns one solution,
T a<band a+b=7 OF <T.cceverrerurnnnenn no solution,
2 B=D oottt one solution,

GB>D ittt vieceeceeeeneee .. . bWO BOlUtionS.

As before in the cases in which two solutions are indicated,
there will be no solution at all if sin a be less than sin b sin 4.

It will be seen from the above investigations that if & lies
between b and r — b, there will be one solution ; if @ does not lie
between b and w—b either there are two solutions or there is
no solution; this enunciation is not meant to include the cases in
- which =4 or =7w-b,
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87. The results of the preceding article may be illustrated by
a figure.

Let ADA'E be a great circle; suppose PA and PA’ the
projections on the plane of this circle of arcs which are each
equal to b and inclined at an angle 4 to 4D4’; let PD and
PE be the projections of the least and greatest distances of P
from the great circle, (see Art. 69). Thus the figure supposes

Aandbeachlessthan’-z'.

If & be less than the arc which is represented by PD there is
no triangle ; if @ be between PD and PA in magnitude, there are
two triangles, since B will fall on 4D4’, and we have two triangles
BPA and BP4'; if a be between PA and PH there will be only
one triangle, as B will fall on A'H or AH’, and the triangle will be
either A PB with B between A’ and H, or else A’PB with B be-
tween A and H’; but these two triangles are symmetrically equal
(Art. 57); if a be greater than PH there will be no triangle.
The figure will easily serve for all the cases; thus if 4 is greater

thang,we can suppose PAE and PA'E to be equal to 4; if

b is greater than g, we can take PH and PH' to represent &.
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88, The ambiguities which ocour in the last case in the so
tion of oblique-angled triangles (Art. 85) may be discussed in 1
same manner a8 those in Art. 86; or by means of the po
triangle, the last case may be deduced from that of Art. 86.

EXAMPLES,

1. The sides of a triangle are 105° 90°, and 75° respective
find the sines of all the angles.

2. Prove that tan § 4 tan;3=“‘;sg:—"). Solve a trian
when a side, an adjacent angle, and the sum of the other ¢
sides are given. )

3. Solve a triangle having given a side, an adjacent ang
and the sum of the other two angles.

4. A triangle has the sum of two sides equal to a semic
cumference ; find the arc joining the vertex with the mid
of the base.

5. If a, b, ¢ are known, ¢ being a quadrant, determine 1
angles ; shew also that if § be the perpendicular on ¢ from 1
opposite angle, cos®$ = cos® a + cos’ b.

6. If one side of a spherical triangle be divided into fc
equal parts, and 6, 0, 6,, 6, be the angles subtended at the opj
site angle by the parts taken in order, shew that

gin (0, + 0,) &in 6, sin 6, = gin (6, + 6,) sin 6, sin 0,
7. In a spherical triangle if 4 = B = 2C shew that

8:;in(as+§)sin’§c cos§=sin'a.



CIRCUMSCRIBED
8. In a spherical triang

88in'g(cos

9. If the equal sides of

by an arc DE, and BC be t

a2 .

g *

10. If ¢, ¢, be the twc

are given and the triangle i
¢ ¢

tan#tanf:

VIIL. CIRCUMSCRIBE

89. 7o find the angul
in a gwen triangle.

Let ABC be the triangle
meeting in P ; from P dra
sides. Then it may be she
also that AX = AF, BF =B
the sum of the sides =s; th

Now tan PF = tar

thus tan r = tan
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The value of tan ~ may be exptessed in various forms; thus
from Art. 45, we obtain

(s—d)sin (s—c)) .
ta.n—_ Bmsix‘lasinsz:—ea) }’

substitute this value in (1), thus
tanr:\/{sm@ @) sin (2~ b)sm(c—c)} ‘(Art. 46)...(2)

§in 8

Agsin
sin (s—a)=sin {4 (b+¢) - 4 a}
=sin (b+c)cosda—cosd (®+c)sina

=248 32 fooe § (B )~ oos §(B+ O)), (At 6)
_singsind BsindC,
sin 3 4 )

sm&Bsm}C
os;A

therefore from (1) tanr=

hence by Art. 51,

cos S cos (S — 4) cos (S — B) cos (S - C)}
2cosddcosiBcosil

N
Yy LT ).

ta.nr:“/{‘

It may be shewn by common trigonometrical formuls that
4cos 4 A cos § B cos 4C = cosS+cos(S — 4) + cos(§— B)+cos(S—-C);
hence we have from (4)

cotr_§%{cosS+oos(S—A)+cos(S-B)+eos(S—C)} ...... ().
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90. To find the angular radius of the smull circle dsscribed
80 as to touch one side of g given triangle, and the other sides
produced. .

4

Let ABC be the triangle; and suppose we require the radius
of the small circle which touches BC, and 4B and AC produced.
Produce 4B and AC to meet in 4’; then we require the radius of
the small circle tnecribed in A’BC, and the sides of A'BC ure a,
x - b, w~c respectively. Hence if r, be the required radius, and
8 denote as usual § (& +6 +c), we have from Art. 89,

From this result we may derive other equivalent forms as in
the preceding article; or we may make use of those forms im-
mediately, observing that the angles of the triangle 4’BC are A,
w— B, w—C respectively. Hence s being 4(a+b+c) and §
being 4 (4 + B+ C) we shall obtain

_ singsin(s—d) sin(e—c)) =
tanr,—\/{ Sin (- a) }— - ... (2),
cos3BeosdC .
———Wﬂlna .............................. (3),
tan ¢ = N{=008 8 cos (S — 4) cos (§— B) cos (S C)}
! 2cos 44 sin 3 B sin §C
N
=Jvos 14 sin 3 B sin §C RN (3 X

tanr, =

cob, =§%,{- 008§ — co8 (§ — 4) + 008 (S — B) + cos (S~ 0)}---(5)-
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These results may also be found independently bf bisecting
two of the angles of the triangle A’BC, so as to determine the
pole of the small circle, and proceeding as in Art. 89. °

91. A circle which touches one side of a triangle and the
other sides produced is called an esoribed circle; thus there are
three escribed circles belonging to a given triangle. "We may
denote the radii of the escribed circles which touch C4 and 4B
respectively by », and r, and values of tan », and tan 7, may
be found from what has been already given with respect to
tan », by appropriate changes in the letters which denote the
sides and angles,

In the preceding article a triangle 4’BC was formed by pro-
ducing 4B and AC to meet again in A’; similarly another triangle
may be formed by producing BC and BA to meet again, and
another by producing C4 and CB to meet again, The original
triangle ABC and the three formed from it have been called
associated triangles, ABC being the fundamental triangle. Thus
the inscribed and escribed circles of a given triangle are the same
as the circles inscribed in the system of associated triangles of
which the given triangle is the fundamental triangle.

92. 7o find the angular radius of the small circle described
abowt a given triangle.

N~
Let ABC be the given triangle; bisect the sides CB, €A in

D and E respectively, and draw from D and Z arcs perpendicular
to CB and C4 respectively, and let P be the intersection of these
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arcs. Then P will be the po
4BC. For draw P4, PB,
triangles PCD and PBD it
the right-angled triangles PC
hence P4 =PB=PC. Also
the angle PBC =the angle 1
PAC ; therefore PCB+ A =

Let PC=R.
Now tan CD = tan
thus tan a=ta

therefore tan B = _ta
cos (

The value of tan R may 1

if we substitute for tan g from

tan B = \/cos(S A)cos(;.
Again  cos (8 — 4) =cos {3 (B
=cos;(_B.
_sindd cosid

cosda
sin 4
cosia

therefore from (1)
tan B =

cosd b

sinda
sin 4 cos b co:
Substitute in the last ex
Art. 46; thus
2sindasin }
#/{sin 8 sin (s — a) sin (
2

tan R =
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It may be shewn by common trigonometrical formulse, that
4sin} a sin} b sin § ¢ =sin (8 — a) + sin (8 — ) + sin (s— ¢) —sin 8}
hence we have from (4)

tanla’,:z—;{sin(a—a)+sin(e—b)+sin(a—c)—sina} ......... ®).

93. To find the angular radit of the small circles described
" round the triangles associated with a given fundamental triangle.

Let R, denote the radius of the circle described round the
triangle formed by producing 4B and AC to meet again in 4’;
similarly let R, and R, denote the radii of the circles described
round the other two triangles which are similarly formed. Then
we may deduce expressions for tan B,, tan B, and tan R, from
those found in Art. 92 for tan R. The sides of the triangle 4°B(C
are a, r—b, m—c, and its angles are 4, #— B, = —C; hence if
s=4@+b+c¢) and S=4(d + B+ C) we shall obtain from
Art. 92
tan 4 a
L LT (D)

tan B, =

08 (S — 4 (S—4)
tanR,=\/ cosScocs(sS(' E)(ZOB(S 0)}=mw = (2)

sinda

o By e e (B)
2sina cosdb

mR,=J{sinssi;“(‘a_a?:in(aﬁ){;(s_c)} cerereeereeenn (4)

taan=2l"{sinsfsin(e—a)+sin(s-—b)+sin(a—c)} ......... ®)

Similarly we may find expressions for tan £, and tan R,

94, Many examples may be proposed involving properties of
the circles inscribed in and described about the associated triangles.
We will give one that will be of use hereafter.
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To prove that
(cot 7+ tan B = - (sin o+ sin b + sin o' - 1.
We have ‘
4n*=1—cos* @ —cos’b—cos’c+ 2 cosa cosb cosc;
therefore
(sin @ + sin b + sin ¢)* — 4n’
=2(l +8in @ sin b + sin b sin ¢ + sin ¢ sin @ — cos @ cos b oosc).

Also ootr+tanR=2—1,;{sina+sin(s—a)+sin(s—b)+§in(s—c)};

and by squaring both members of this equation the required
result will be obtained. For it may be shewn by reduction that

sin® 8 + gin® (8 — @) + sin’ (8~ b) +sin’ (3—¢) =2 - 2 cos @ cos b cos ¢,
and
singsin(s — @) + sin 8 sin (s — b) + sin s sin (s — ¢)
+ gin(s — a)sin(s — b) +sin (8 — b) sin (8~ ¢) + sin (8 —¢) sin (s —a)
=sin @ sin b + sin b sin ¢ +sin ¢ sin a.

Similarly we may prov:e that

(cotr, —tan B)’ = [ (sin b + sin ¢ —sin a)f - 1.

95. In the figure to Art. 89, suppose DP produced through
P to a point 4" such that DA’ is a quadrant, then 4’ is a pole of
BC and PA’ = %— r; similarly, suppose ZP produced through P
to a point B such that EB is a quadrant, and FP produced
through P to a point C” such that FC’ is a quadrant. Then
A'BC’ is the polar triangle of ABC, and PA'=PB =P(C = g— 7.
Thus P is the pole of the small circle described round the polar
triangle, and the angular radius of the small circle destribed round

the polar triangle is the complement of the angular radins of the
T. 8. T. ®
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small circle inscribed in the primitive triangle. And in like ‘man-
ner the point which is the pole of the small circle inscribed in
the polar triangle is also the pole of the small circle described
round the primitive triangle, and the angular radii of the two
circles are complementary.

EXAMPLES,
In the following examples the notation of the chapter is
retained.
Shew that in any triangle the following relations hold con-
tained in Examples 1 to 5:
1. Tans, tanr, tan 7, = tan » sin’s.
2. Tan B+cotr=tan B, + cotr =tan R, +cotr,
=tan B, + cot r,= § (cot r + cot r, + cot »_ + cot r,).
3. Tan'R+tan’R, +tan’ R, + tan® R,
=cot®r + cot”r, + cot’ 7, + cot’ 7,

Tanr, + tanr, + tan r, — tan r
cot r, + cot 7, + cot r, — cot: r

5. Tan R, tan R, tan B, = tan R sec’ S.
6. Shew that in an equilateral triangle tan R = 2 tan 7.

7. IfABC be an equilateral spherical triangle, P the pole of
the circle circumscribing it, @ any point on the sphere, shew that

cos QA + cos @B + cos QC = 3 cos P4 cos PQ.

=3(1+cosa+ cos b+ cosc)

8. If three small circles be inscribed in a spherical triangle
having each of its angles 120°, so that each touches the other two
a8 well as two sides of the triangle, prove that the radius of each
of the small circles = 30° and that the centres of the three small
circles coincide with the angular points of the polar triangle.
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VIIL. AREA OF A SPHI
SPHERICAL

96. To find the area of a Lune

A ZLune is that portion of the su
prised between two great semicircle

Let ACBDA, ADBEA be two 1
then one of these lunes may be supj
to coincide exactly with it; thus
equal. Then by a process similar 1
of Euclid it may be shewn that !
angles. Hence since the whole sv
sidered as a lune with an angle e
have for a lune with an angle of
is 4,

area of lune
surface of sph

Suppose r the radius of the sj
(Integral Calculus, Chap. viL); th

area oflune:-i{m
2
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97. To find the area of a Spherical Triangle.

Let ABC be a spherical triangle ; produce the arcs which form
its sides until they meet again two and two, which will happen
when each has become equal to the semi-circumference. The
triangle ABC now forms a part of three lﬁnes, namely, ABDCA,
BCEAB, and CAFBC. Now the triangles CDE and AFB are
subtended by vertically opposite solid angles at O, and we will
assume that their areas are equal ; therefore the lune CAFBC is
equal to the sum of the two triangles ABC and CDE. Hence if
4, B, C denote the circular measures of the angles of the triangle,

- we have :

triangle ABC + BGDC = lune ABDCA = 24+%,

triangle 4BC+ AHEC =lune BCEAB = 2Br",

triangle 4 BC + triangle CDE =1lune CAFBC = 2Cr°;
hence, by addition,
twice triangle 4BC + surface of hemisphere = 2 A4+B+0)r;
therefore triangle 4BC =(4d+B+C—x) 7"

The expression 4+ B+ C— = is called the spherical excess of

the triangle ; and since

(A+B+Com)pr=A¥BLCom

or Znr’,



AREA OF A SPHERICAL TRIANGLE. SPHERICAL EXCESS. 69

the result obtained may be thus enunciated, the area of o spherical
triangle is the same fraction of the surface of the hemisphere as the
spherical excess is of four right angles.

98. We have assumed, as is usually done, that the areas of
the triangles CDE and AFB in the preceding article are equal.
The triangles are, however, not absolutely equal, but symmetri-
cally equal (Art. 57), so that one cannot be made to coincide
with the other by superposition. It is, however, easy to decom-
pose two such triangles into pieces which admit of superposition,
and thus to prove that their areas are equal. For describe a
small circle round each, then the angular radii of these circles
will be equal by Art. 89. If the pole of the circumseribing circle
falls inside each triangle, then each triangle is the sum of three
isosceles triangles, and if the pole falls outside each triangle, then
each triangle is the excess of two isosceles triangles over a third ;
and in each case the isosceles triangles of one set are respectively
absolutely equal to the corresponding isosceles triangles of the
other set.

99. To find the area of a spherical polygon.

Let n be the number of sides of the polygon, = the sum of all
its angles. Take any point within the polygon and join it with
all the angular points; thus the figure is divided into n triangles.
Hence by Art. 97,

area of polygon = (sum of the angles of the triangles — n) ¢*,

and the sum of the angles of the triangles is equal to 3 together
with the four right angles which are formed round the common
vertex ; therefore

area of polygon = {E -(n-2) 1r} .

This expression is true even when the polygon has some of its
angles greater than two right angles, provided it can be decom-
posed into triangles, of which each of the angles is less than two
right angles.
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100. 'We shall now give some expressions for certain trigono-
metrical functions of the spherical excess of a triangle. We denote
the spherical excess by Z, so that £=4 + B+ C—m.

101. Cagnolts Theorem. To prove that

sin § £ = 808 ;moj:;:m(z;:l:n (6=}

Sin { E=sin§(4+B+C—n)=sin{}(4+ B)-§(»-C)}
—gin} (4 +B)sin§ C—oos} (4+B) cos 4 C
.'Jii%oi';—”'—;*q{m;(a-b)-m;(ub)}, (art. 54)

_sinCsingasindd

B cos 3¢

=8in$‘:;i1:46,sina28inb,J{sinssin(s—a)sin(c—b)gin(e_c)}

/{sin 8 sin (s — @) sin (s — b) sin (s = c)}
2.cosdacosdbcosdc :

102. Llkuillier’'s Theorem. To prove that

tan § £'=,/{tan 4 & tan § (s—a) tan § (s~ 3) tan § (s — o)}

sin}(4+B+C—n) sind(4d+B)-sini(x-C)

csd(A+B+C—m) cos¥(d+B)+cosd(r—C)’
(Plane T'rig. Art. 83),

_siny(4+B)—cos}C cosd(@—b)—cosdc cos{C
“cosi(A+B)+sniC cos}(a+b)+cosdc singC’
(Art. 54),
_sin}(c+a-b)sin}(c+db-a) /[ sinssin(s—c) }
oo (a+b+c)cosi(a+b—c) A/ Lsin(3- a)sin(s-B))’
(Art. 45),

TaniZ =

~ Jitan §# tan § (s— @) tan § (s b) tan (s = 9}
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103. We may obtain many other formulee involving trigo-
nometrical functions of the spherical excess. Thus, for example,

cos § £ =coa{} (4+B) -4 (r-C)}
=cos4(4d+B)sin} C+sing(4d+B)cos}

={ooe ;(a+b)sin';c'+oos;(a-b)cos';c}secgc,(mm,
={m;aoos;b(oos';0+sin';0)
+sin §a sin § 6 (cos® §C — sin';c')} sec d ¢
={cos4acos }b+sindasinibd cosC}secic
Again, it was shewn in Art. 101, that
gin 4 £ =sin C'sin } a sin 4 b sec 4¢;
sin § o sin 6 sin ¢
cosdacosdb+sindasindbcosC’

Again, we have from 'abo;'e

therefore tan § Z=

eos;E={mgaoos;buin;asin;booso}m;c.

_ (1 +cosa)(1 +cosd) +sina sin b cos ¢
- 4 cosda cos b cos e

_1+cosa+cosb+cosc cos'da+cos’dd+cos’dc—1
“4cosdacosgbeosic  2cosfacosibeosdc

EXAMPLES.

1. Find the angles and sides of an equilateral triangle whose
area is one-fourth of that of the sphere on which it is described.

2. Find the surface of an equilateral and equiangular sphe-
rical polygon of n sides, and determine the value of each of the
angles when the surface equals half the surface of the sphere.

:

3. If'a:b:%, and c=72—r, shew that E=oos"§.
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4. 'Jf the angle C of a spherical triangle be & right an
shew that . . -

sind E=sindasindd sec,}c, cos 3 E=cosdacosdbseci
5. If the angle O be a right angle, shew that

sin® ¢ sina sin*d

cos = ——— 4+ — ,

. cos¢ cosa cosb’
6. Ifa=band C=3 shewthattanE—ma.
2cosa

7. The sum of the angles in a right-angled triangle is
than four right angles. '

8. Draw through a given point in the side of a spher
triangle an arc of a great circle cutting off a given part of
triangle. :

9. If the angles of a spherical tnangle be together equal
four right angles

cos’ 3 a +cos® b +cos’de=1.

10. If 7, r, r, be the radii of three small circles o
sphere of radius + which touch one another in P, @, R
4, B, C be the angles of the spherical triangle formed by join
their centres,

area PQR = (4 cosr, + B cosr,+C cosr,—x) 7",

4 11. Shew that
{sm%Esm(A —4E)sin(B-4 E)sin (C— %E)}
2sinldsindBsin}C

12. Given two sides of-a spherical triangle, determine w
the area is a maximum,

sin 8=

13. TFind the area of a regular polygon of a given numbe
sides formed by arcs of great circles on the surface of a sphe
and hence deduce that, if « be the angular radius of a m
circle, its area is to that of the whole surface of the sphert
versin a to 2. '
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IX. ON CERTAIN APPROXIMATE FORMULZ.

104. We shall now investigate certain approximate formule
which are often useful in calculating spherical triangles when the
radius of the sphere is large compared with the lengths of the
sides of the triangles.

- . 105, Given two sides and the included amgle of & spherical
triangle, to find the angle between the chords of these sides.

B

Let AB, AC be the two sides of the triangle 4B( ; let O be
the centre of the sphere. Describe a sphere round 4 as a centre,
and suppose it to meet 40, 4B, AC in D, E, F respectively.
Then the angle EDF is the inclination of the planes 04B, 0AC,
and is therefore equal to 4. From the spherical triangle DEF

co8 EF =cos DE cos DF + sin DE sin DF cos 4 ;
and DE=4(w—¢), DF=}(wx-b);
therefore cos EF =sin 4 bsin 4 ¢ + cos 4 b cos § ¢ cos 4.

If the sides of the triangle are small compared with the radius
of the sphere, £F will not differ much from 4 ; suppose ZF
=A -0, then approximately

cos EF =cos A+0sind;
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and sin 4 b sin 4 ¢ =sin* 1 (b + ¢)—sin® } (b —¢),

cosdbcosdc=cos'}(b+c)—sin*} (b-c);
therefore

cosd+0sind=sin"}(B+c)—sin’l(d-¢)

+{l—-sin'}(b-l-c)—sin’i(b—c)}oosA;
therefore
@sin 4 = (1 — cos 4) sin® § (b +¢) — (1 + 008 4) sin® 3 (- o)
therefore 0= tan § A sin® 3 (b +¢)— cot § 4 sin® 3 (5 — o).

This gives the circular measure of 0 ; the number of seconds in
the angle is found by dividing the circular measure by the circular
measure of one second, or approximately by the sine of one second
(Plame Trigonometry, Art. 123). If the lengths of the arcs corre-
sponding to @ and b respectively be e and 3, and r the radius of the

sphere, we have % and ’g as the circular measures of @ and b
respectively ; and the lengths of the sides of the chordal triangle

are 2751'11% and 2'rsm-2’% respectively. Thus when the sides of

the spherical triangle and the radius of the sphere are known, we
can calculate the angles and sides of the chordal triangle.
[ ]

106. Legendre’s Theorem. If the sides of a spherical triangle
be small compared with the radius of the sphere, then each angle
of the spherical triangle exceeds by one third of the spherical ex-
cess the corresponding angle of the plame triangle, the sides of
which are of the same length as the arcs of the spherical triangle.

Let 4, B, C be the angles of the spherical triangle ; a, b, ¢
the sides ; » the radius of the sphere ; a, 8, y the lengths of the
arcs which form the sides, so that ;, g-, % are the ciroular
measures of a, b, ¢ respectively. Then
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008a—cosb cosc
sinbsine ’
2 a(

now oosa=l—%+2—4—r1—...,

cos 4=

al

sing==°— <+
—r F eve
Similar expressions hold for cos b and sin b, and for cos ¢

and sin ¢ respectively. Hence, if we neglect powers of the cir-
cular measure above the fowrth, we have

1- ;:' + o4 (1 z.r' 24r)(1 ""I‘F)
-1’(1-—) 1-67

rl(ﬁ”"y’ a.')+ 4,’.4("' -B- 'Y 66'1')
T2

cos 4 =

237{’3"‘7' Ry 6,3'-,')}{14,——/3'6:]’}
=B'+y’—a'+u‘+ﬁ‘+7 — 248" — 2B°y" — 27”
2By 24Byr*

Now let 4, B, C' be the angles of the plane triangle whose
sides are a, ﬂ, v respectively ; then

’ ﬂ'+‘¥’—
cos 4’ = ,
28y
. g g
thus cosA:cosA’—@%nA-. .

Suppose 4=4"+0; then
cos A =cos A’ — @ sin 4’ approximately ;
Bysind _ S
6”3

therefore 0=
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where § denotes the area of the plane triangle whose sides are
a, B, y. Similarly
S . S
B=B+37 and 0:0 +-3;’,
hence approximately

A+B+0=A’+B‘+C"+§=1r+g;;

therefore 78; is approximately equal to the spherical excess of the
spherical triangle, and thus the theorem is established.

It will be seen that in the above approximation the area of
the spherical triangle is considered equal to the area of the plane
triangle which can be found with sides of the same length.

107. Legendre’s Theorem may be used for the approximate
solution of spherical triangles in the following manner:

(1) Suppose the three sides of a spherical triangle known;
then the values of a, 3, y are known, and by the formule of
Plane Trigonometry we can calculate S and 4/, B’, C’; then
4, B, C are known from the formulse
i _ S . 8
A=A +37, .B—-.B’-l-y, 0—0 +3r,.

(2) Suppose two sides and the included angle of a spherical
triangle known, for example 4, b, ¢. Then

S =4 Bysin 4’= 4 Bysin A approximately.

Then A’ is known from the formula 4’ =A—3—'§;. Thus in the
plane triangle two sides and the included angle are known;
therefore its remaining parts can be calculated, and then those

of the spherical triangle become known.
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(3) Suppose two sides a
in & spherical triangle know

sinBt:'gginA'

and C'=w=A'-B=ow-A-.
Hence A4’ is known and the |
sides and the angle opposite

(4) Suppose two angle:

cal triangle known, for exam

. _y'eind's

Then 8——_2sin(A’-

Hence in the plane triangle
known. - N

(5). Suppose two angles
in a spherical triangle knowr

C=n=A'-B==-

»S’-=2—i
,Which can be calculated, !

known.

108. The importance of
tion of Spherical Trigonome
surface has given rise to som
to test the degree of exactr
finish the present chapter wi
will serve as exercises for t

proximately the spherical e
begin with investigating a
spherical excess.
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109. To find an approximate value of the spherical excess.
Let E denote the spherical excess; then
gin 4a sin b sin 0 ;

sin § £ = cosdc ’
therefore approximately
wir-w03(-0) )P
—sin ¢ 25 (1+ ‘“‘
therefore E=m0$(l+y—%,;..................(l),

and  sn 0=sin(c'+§z)'=sin0'+gzcoso'

. . 8inC cosC’ af , o'+ —y
=sinC" + t——— 5= sm(}'(l+ 1977 <e(2)
From (1) and (2)
o woB o+ B+
Eesin 3o (14 5T

. Hence to-this order of approximation the area of the spheri-,
cal triangle exceeds that of the plane triangle by the fraction’

z *2&:,*7' of the latter.

110. . Toﬁadmapprom'/lrmemhmqf?n—?-%.

Sind sina -
Sin B sin Mnd’
1- o’ )
. smA ( 6r’ * 1207

hence approximately — ﬂ’_)

ﬁ(l‘g- * 207
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e, B g g
‘p(l & * 200 * 67 ~ 36 ~ T207° 3?‘)

-1 5 e+ T

15 ()
=§{1+/3'6;¢'(1+7/3;5§'“')}_
111.  To express cot B —cot A approzimately.

B
sin 4

Cot B— eotA:——( -8 e 4);

hence, approximately, by Art. 110,

1 B o - g
oot B-ootd=_ (oosB-Boosd B LoF o0 )

Now we have shewn in Art. 106, that approximately

By md alh Byt 2060 - 38 - 2ye
28y 24Byr”

’ —
. therefore cos B — E cosd = —?y *-- approximately,

-p a-f B+y-d
ay sin B aysm.B 12

_. ! - B° 1 _ﬁ'-i--y’—
aysin B 12+

and cot B—cot 4 =2

112. The approximations in Arts. 109 and 110 are true so
far as terms involving »*; that in Art. 111 is true so far as
terms involving 7, and it will be seen that we are thus able
to carry the approximations in the following article so far as
terms involving r*,
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113. To find an approximate value of the error in the length
of a side of a spherical triangle when caleulated by Legendres
Theorem.

Suppose the side 3 known and the side a required ; let 3 de-
note the spherical excess which is adopted. Then the approximate

value %4:—")2 is taken for the side of which a is the real

value. Let x=a—ﬁ;ml-@—'§) ; we have then to find « ap-
sin(B-p
proximately. Now approximately :

s 0 K
sin (4~ sin 4 — p cos 4 2smA

sin(B—p)

F
si.n.B-—p,cosB—-'isinB

-1

smA(l p.cotA—2 (l 'LOOt.B—E

sin 4 :
=m{1 +p.(cotB—cotA)+p.’oot.B(cotB—cotA)}

smA+psmA
“sinB " sinB

(cot B — cot, 4)(1 + . cot B).
Also the following formule are true so far as terms involv-
ing 7%
sin 4 (1
sin B ,8

& By
oot B—cotd = sinB(l‘ ALy}

’+y-F
1+[l-00t.B 1+-——1‘2r,—'

Hence, approxima.tely,

(cotB OOtA)(l-l-p. th)_,B;s_inB’B'

sin B
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Bsind _p(a-
sin B ysi1
_a(ﬁ’—a’){ 6p - 1 +3a’—-

6 aysinB 7 60

Therefore r=a—

If we calculate u from the formula u

_a(B'—a’)(3a"-
360r*
If we calculate x from an equatior
Art. 109, we have
ay sin B (l . 3B -
T2

a(f'—a’)(a"+ B —

therefore x= T30

MISCELLANEOUS EXAM

1. If the sides of a spherical triang
B, (', so that BB/, (C’ are the semi
respectively, prove that the arc B'C” will
centre of the sphere equal to the angle !
and AC.

2." Deduce Legendre’s Theorem fron
4 sind(a+b-c)sin;
2 sind(6+c—a)sin
3. Four points 4, B, C, D on the

joined by arcs of great circles, and Z,
of the arcs AC, BD ; shew that

cos AB +cos BC + cos CD + cos DA =

4. If a quadrilateral 4 BCD be insc

a sphere so that two opposite angles 4
T.8.T. ) ‘ ’

tan® =
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extremities of a diameter the sum of the cosines of the sides is
constant.

5. ABC is a spherical triangle each of whose sides is a quad-
rant, P any point within the triangle ; shew that
cos PA cos PB cos PC + cot BPC cot CPA cot APB=0,
and tan ABP tan BCP tan CAP=1.

6. If O bo the middle point of an equilateral triangle 4 BC,
and P any point upon the surface of the sphere,

1 (tan PO tan 04)* (cos PA + cos PB + cos PC)* =
cos® P4 + cos® PB+cos* PC—cos PA cosPB—cosPqusPC—cosPC’ cos PA.

7. If ABC be a triangle having each side a quadrant, O the
pole of the inscribed circle, P any point on the sphere, then

(cos P4 + cos PB+ cos PC)* = 3 cos® PO.

8. From each of three points on the surface of a sphere arcs are
drawn on the surface to three other points situated on a great
circle of the sphere, and their cosines are a, b, ¢ ; o/, ¥, ¢’; a”, b",¢",
Shew that

ab’c’ + a’be” + a’b'c = ab'c” + a'b"c + a"bc.
9. Prove the following approximate formula (Arts. 110, 111),
log B8 =loga +logsin B—logsin 4 + 3%, (cot 4 - cot B).

10. By continuing the approximation in Art. 106 so as to
include the terms involving %, shew that approximately
Bysin®4d’ By (a® — 38° — 3v") sin® 4’

6"

cos A =cos d’ - 807 .

11. From the preceding result shew that if 4 =A4’+ @ then
approximately
0= ﬂy;:'nA (1 +7B’+7‘y’+a’).

1207
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X. GEODETICAL OPERATIONS.

114. One of the most important applications of Trigono-
metry, both Plane and Spherical, is to the determination of the
figure and dimensions of the Earth itself, and of any portion of its
surface. We shall give a brief outline of the subject, and for
farther information refer to Woodhouse’s ZTrigonometry, to the
article Zrigonometrical Swrvey in the Penny Cyclopedia, and to
Airy’s treatise on the Figure of the Earth in the Encyclopedia
Metropolitana. For practical knowledge of the subject it will be
necessary to study some of the published accounts of the great
surveys which have been effected in different parts of the world,
as for example, the Account of the measurement of two sections
of the Meridional arc of India, by Lieut. Colonel Everest, 1847 ;
or the Account of the Observations and Calculations of the Prin-
cipal Triangulations in the Ordnamce Survey of Great Britain and
Ireland, 1858,

115. An important part of any survey consists in the mea-
surement of a horizontal line, which is called a base. A level plain
of a few milesin length is selected and a line is measured on it with
every precaution to ensure accuracy. Rods of deal, and of metal,
hollow tubes of glass, and steel chains, have been used in different
surveys; the temperature is carefully observed during the opera-
tions, and allowance is made for the varying lengths of the rods
or chains, which arise from variations in the temperature.

116. At various points of the country suitable stations are
selected and signals erected ; then by supposing lines to be drawn
connecting the signals, the country is divided into a series of
triangles. The angles of these triangles are observed, that is, the
angles which any two signals subtend at a third. For example,
suppose 4 and B to denote the extremities of the dase, and C' a

. S A
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signal at a third point visible from 4 and B; then in the triangle
ABC the angles ABC and BAC are observed, and then AC and BC
can be calculated. Again, let D be a signal at a fourth point,
such that it is visible from C"and 4 ; then the angles ACD and
CAD are observed, and as AC is known, CD and 4D can be
calculated.

117. Besides the original base other lines are measured in
various parts of the country surveyed, and their measured lengths
are compared with their lengths obtained by calculation through a
series of triangles from the original base. The degree of close.
ness with which the measured length agrees with the calculated
length is a test of the accuracy of the survey. During the pro-
gress of the Ordnance Survey of Great Britain and Ireland, lines
have been measured in various places; the last two are one near
Lough Foyle in Ireland, which was measured in 1827 and 1828,
and one on Salisbury Plain, which was measured in 1849. The
line near Lough Foyle is nearly 8 miles long, and the line on
Salisbury Plain is nearly 7 miles long ; and the difference between
the length of the line on Salisbury Plain as measured and as
calculated from the Lough Foyle base is less than 5 inches (4»
Account of the Observations, &c. page 419).

118. There are various methods of effecting the calculations
for determining the lengths of the sides of all the triangles in the
survey. One method is to.use the exact formule of Spherical
Trigonometry. The radius of the Earth may be considered known
very approximately ; let this radius be denoted by 7, then if a be
the length of any arc the circular measure of the angle which the

arc subtends at the centre of the earth is ; The formule of
Spherical Trigonometry give expressions for the trigonometrical

functions of ; , 80 that ; may be found and then a. Since in

practice ; i_s always very small, it becomes necessary to Py
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‘attention to the methods of securing accuracy in calculations
which involve the logarithmic trigonometrical functions of small
angles (Plane Trigonometry, Art. 205).

Instead of the exact calculation of the triangles by Spherical
Trigonometry, various methods of approximation have been pro-
posed ; only two of these methods however have been much used.
One method of approximation consists in deducing from the angles
of the spherical triangles the angles of the ckordal triangles, and
then computing the latter triangles by Plane Trigonometry (see
Art. 105). The other method of approximation consists in the
use of Legendre’s Theorem (see Art. 106).

119. The three methods which we have indicated were all
used by Delambre in calculating the triangles in the French
survey (Base du Systéme Métrique, Tome 1r. page 7). In the
earlier operations of the Trigonometrical survey of Great Britain
and Ireland, the triangles were calculated by the chord method ;
but this has been for many years discontinued, and in Place of it
Legendre’s Theorem has been universally adopted (4n Account of
the Observations, &c. page 244). The triangles in the Indian
Survey are stated by Lieut. Colonel Everest to be computed on
Legendre’s Theorem.

120. If the three angles of a plane triangle be observed, the
fact that their sum ought to be equal to two right angles affords a
test of the accuracy with which the observations are made. We
shall proceed to shew how a test of the accuracy of observations of
the angles of a spherical triangle formed on the Earth’s surface
may be obtained by means of the spherical excess.

121. The area of a spherical triangle formed on the Earth’s
surface being known in square feet, i s required to establish a rule
Jor computing the spherical excess in seconds.

Let n be the number of seconds in the spherical excess, 8 the
number of square feet in the area of the triangle, v the nurcoer &
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feet in the radius of the Earth. Then if E be the circular mea-
sure of the spherical excess,

8= E?",
nw n . .
and £ = 1856060 = 206365 2pproximately;
| ot
.therefol'e 8= §0—6§6—5 .

Now by actual measurement the mean length of a degree on
the Earth’s surface is found to be 365155 feet; thus

wr
186 365155.
With the value of = obtained from this equation it is found by
logarithmic calculation, that

log n =log 8— 9.326774.

Hence n is known when 8 is known.

This formula is called General Roy’s rule, as it was used by
him in the Trigonometrical survey of Great Britain and Ireland
Mr Davies, however, claims it for Mr Dalby. (See Hutton's
Course of Mathematics, by Davies, Vol. 1L p. 47).

122. In order to apply General Roy’s rule, we must know
the area of the spherical triangle. Now the area is not known
exactly unless the elements of the spherical triangle are knowa
exactly ; but it is found that in such cases as occur in practice ar
approximate value of the area is sufficient. Suppose, for example,
that we use the area of the plane triangle considered in Legendre's
Theorem, instead of the area of the Spherical Triangle steelf;
then it appears from Art. 109, that the error is approximately

2 2
denoted by the fraction “_"24/;1,11 of the former area, and this
fraction is less than ‘0001, if the sides do not exceed 100 miles
in length. Or again, suppose we want to estimate the influence
of “errors in the angles on the calculation of the area ; let the
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circular measure of an erro
we ought to use ﬂ]—z(c—."
approximately the ratio exp
observations 4 will not exc
seconds, so that, if C' be not
sensible.

123. The follpwing exm
the triangles of the English s
writers. The observed ang
42°. 2. 32", 67°.55°. 39", 7(
in the observations is require
angle 4 to be 274042 feet.
@’ sin B sin C d

2snd "
that 7 =-23. Now the sum
and as it ought to have beer
of the errors of the observat
be distributed among the ol
the opinion of the observer
each of the observed angles
angles thus corrected for the

pression

124. An investigation
form of a triangle, in whic
angles will exercise the least
and although the reasoning
deserving of the attention
angles of a triangle observc
required to find the form of
sides may be least affected
spherical excess of the tris
sufficient accuracy for pract
angles does not exceed two
excess, let these angles be al
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each, o as to make their sum correct. Let 4, B, C be the angles
thus furnished by observation and altered if necessary; and let
34, 3B and 3C denote the respective errors of 4, B and C. Then
84 + 8B + 80 = 0, because by supposition the sum of 4, B and ('
is correct. Considering the triangle as approximately plane, the-
... asin(C+8C) . asin (C +8C)
true value of the side ¢ is m, that is, S (A—3B =30 @-3B-50)
Now approximately
gin (C + 8C) =sin C + 8C cos C, (Plane Trig. Chap. x11.),

sin (4 - 8B — 8C) = sin A — (3B + 3C) cos 4.

Hence approximately

Cc=

asin C -t
A=t {l+86”cot0}{l—(8B+80) cotA}

a sin C
o4

{I+SBcotA +80(oot0+cotA)};

sin(4+C) ~ sinB

and cotC+ oot d = i = 0

approximately.

Hence the error of ¢ is approximately

asinB ., asinC cosd
sin® 4 C+ sin® 4 8B.

Similarly the error of b is approximately

@ sin C a sin B cos A
s d Bt g

Now it is impossible to assign exactly the signs and magnitudes
of the errors 3B and 3C, so that the reasoning must be vague. It
is obvious that to make the error small sin 4 must not be small
And as the sum of 34, 8B and 3C is zero, two of them must have
the same sign, and the third the opposite sign*; we may therefore
consider that it is more probable that any two as 8B and 3C have
different signs,  than that they have the same sign.
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If 8B and 8C have different signs the errors of b and ¢ will
© less when cos 4 is positive than when cos 4 is negative;
L therefore ought to be less than a right angle. And if 8B and
C are probably not very different, B and (' should be nearly
qual. These conditions will be satisfied by a triangle differing
ot much from an equilateral triangle.

If two angles only, 4 and B, be observed, we obtain the same
xpressions as before for the errors in b and ¢; but we have
10 reason for considering that 8B and 8C are of different signs
ather than of the same sign. In this case then the supposition
hat 4 is a right angle will probably make the errors smallest.

125. The preceding article is taken from the Treatise on
rigonometry in the ZEncyclopedia Metropolitana. The least
atisfactory part is that in which it is considered that 8B and 3C
any be supposed nearly equal ; for since 84 + 3B +8C=0, if we
uppose 8B and 8C nearly equal and of opposite signs, we do in
ffect suppose 84 = 0 nearly ; thus in observing three angles, we
uppose that in one observation a certain error is made, in a
econd observation the same numerical error is made but with
n opposite sign, and in the remaining observation no error is
1ade.

126. 'We have hitherto proceeded on the supposition that the
larth is a sphere; it is however approximately a spheroid of small
ccentricity. For the small corrections which must in consequence
e introduced into the calculations we must refer to the works
amed in Art. 114. One of the results obtained is that the error
aused by regarding the Earth as a sphere instead of a spheroid in-
reases with the departure of the triangle from the well-conditioned
r equilateral form (4n Account of the Observations, &e. page 243).
Tnder certain circumstances the spherical excess is the same on a
pheroid as on a sphere (Figure of the Earth, pages 198 and 215).

127. 1In geodetical operations it is sometimes required to de-
ermine the horizontal angle between two points, which are st o
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small engular distance from the horizon, the angle which the
objects subtend being known, and also the angles of elevation
or depression.

AN,

N7

Suppose 04 and OB the directions in which the two points
are seen from O ; and let the angle AOB be observed. Let 07
be the direction perpendicular to the observer’s horizon ; describe
a sphere round O as a centre, and let vertical planes through 04
and OB meet the horizon in OC and OD respectively ; then the
angle COD is required. ‘

Let AOB =6, COD =0+, A0C=h, BOD =Fk; from the
triangle AZB

cosAZB:ooso cosZAcosZB_cosG sinhsink

and cos AZB = cos COD = cos (0 +2); thus
cos @ —sin k sink

cos(0+a:)= cos h cosk

This formula is exact; by approximation we obtain

cos §—hk
T3+ B’

cos@—zsinf=



ON SMALL VARIATIONS, &C. 91

therefore 2 sin 0 = bk — & (A* + &°) cos 6, nearly,

and x=2’*"-(h’+k';$f;;0—sin';o)

= 3 (b + &) tan 46— 1 (b — £)* cot 36.

This process, by which we find the angle COD from the angle
AOB, is called reducing an amgle to the horizon.

X1 ON SMALL VARIATIONS IN THE PARTS OF
A SPHERICAL TRIANGLE, AND ON THE CON-
NEXION OF FORMULA IN PLANE AND SPHE-
RICAL TRIGONOMETRY.

128. It is sometimes important to know what amount of
error will be introduced into one of the calculated parts of a
triangle by reason of any small error which may exist in the
given parts. We will here consider an example.

129. A side and the opposite angle of a spherical triangle
remaan constant, determine the connexion between the small varia-
tions of any other pair of elements.

Suppose C and ¢ to remain constant.

(1) Required the connexion between the small variations of
the other sides. 'We suppose @ and b to denote the sides of one
triangle which can be formed with C and ¢ as fixed elements, and
a+3a and b+8b to denote the sides of another such triangle;
then we require the ratio of 8a to 86 when both are extremely
small. We have ’

cos ¢ = cos @ cos b + sin @ sin b cos C,
and cos ¢ = cos (@ + 8a) cos (b + 8b) + sin (@ + a) sin (b + 8b) cos C';
also co8 (@ + 8a) = cos @ — sin a 8a, nearly,

and sin (@ + 8a) = sin a + cos & 3a, mearly,
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with similar formulse for cos (b+8) and sin (5+ 3). (See Plane
Trigonometry, Chap. xi1.). Thus

cos ¢ = (cos @ — sin a 8a) (cos b — sin b 8b)
+ (sin @ + cos a 8a) (sin b + cos b 8b) cos C.
Hence by subtraction, if we neglect the product 8a 85,
0 ='8a(sinacosb—oosa, sin b cos )
+ 8b (sin b cos a —cos b sin a cos C);

this gives the ratio of 3a to 86 in terms of a, b, C. We may
express the ratio more simply in terms of 4 and B; for, dwxdmg
by sin @ sin b, we get from Art. 44,

28 ot BeinC+ -2 cotdsinC=0;
sin @ gin b

therefore da cos B +8b cos 4 = 0.

(2) Required the connexion between the small variations of
the other angles. In this case we may by means of the polar
triangle deduce from the result just found, that

84 cosb+38B cosa=0;

this may also be found independently as before.

(3) Required the connexion between the small variations
of a side and the opposite angle (4, a).

Here ) sin 4 sin ¢'= sin C sin g,
and sin (4 + 84) sin ¢ = sin C sin (a + 3a) ;
hence by subtraction

cos 4 sin ¢ 84 = sin C' cos ada,

and therefore 84 cot 4 = 8a cot a.

(4) Required the connexion between the small variations of
a side and the adjacent angle (a, B).
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We have cotC'sin B=cotcsina
proceeding as before we obtain
cot C cos B8B = cot ¢ cos a 8a + cos B
therefore
(cot C cos B —cos a sin B) 8B = (cot ¢

therefore - co__si = 0?—31
sin C sin
therefore - S8Bcos A =—-8acotd

130. Some more examples will be
posed for solution at the end of this ch
difficulty they are left for the exercise of

131. From any formula in Spheric
the elements of a triangle, one of them 1
to deduce the corresponding formula in 1

Let a, B, y be the lengths of the ¢
radius of the sphere, so that ; ,. E Y

r’ r

of the sides of the triangle; expand

which occur in any proposed formul:

respectively ; then if we suppose r to
the limiting form of the proposed forr
~ Plane Trigonometry.

For example, in Art. 106, from the

CO0S @ — co8

cos d = - .
sin b si

we deduce
B'+y'—a’+a‘+,3‘+'y'—2a‘

cos d = 2By « 24,




94 . EXAMPLES.

now suppose r to become infinite; then ultimately

cos d = ﬂ%_a’ ;
and this is the expression for the cosine of the angle of a plane
triangle in terms of the sides.
Again, in Art. 110, from the formula
sin 4 sina

sin B sin b

sind a ao(f'-d) .
we deduce sinB_/_3+ 657 Foieinn ;
now suppose r to become infinite; then ultimately

sind a

sin B B’

that is, in a plane triangle the sides are as the sines of the oppo-
site angles.

N

EXAMPLES.

1. Tn & spherical triangle, if C and ¢ remain constant while
a and b receive the small increments 8o and 8b respectively, shew

that
da &b gin C

Jai—w sin’a)+ ,j(l—n’sin’b)=0 where n = —

sine’
2. If C and ¢ remain constant, and a small change be made
in a, find the consequent changes in the other parts of the tri-
angle. Find also the change in the area.

3. Supposing 4 and ¢ to remain constant, prove the following
equations, connecting the small variations of pairs of the other
elements,

sinC 8 =sina 8B, 8bsin(C =-8C tana, 8a tanC =8B sina,
da tan ' =—8C tan a, 8b cos ' = da, 8B cosa=—3C.
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4. Supposing b and ¢ to rem
equations connecting the small
elements,

8B tan C = 8C tan B,
da = sin ¢ sin B84,

5. Supposing B and C to re
ing equations connecting the s
other elements,

3 tan ¢ = 8ctan 8,
84 = 8a sin b 8in O,

6. From the formula sin
duce the formula for the area
%‘ﬁfm , when the radius
creased.

7. If 4 and C are constant
quantity, shew that @ will be in
as ¢ is less or greater than a q

8. Two spherical triangles .
differ slightly in position; prove
008 A.Bb cos BCc cos CAa + c

9. 'What formule in Plane T

Napier’s Analogies; and what fro
10. From the formula

cos & 4+B

g3 <

deduce the area of a plane triang]
of the angles.

11. What result is obtained
supposing the radius of the sphere
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XI1. POLYHEDRONS.

132. A polyhedron is a solid bounded by any number of
plane rectilineal figures which are called its faces. A polyhedron
is said to be regular when its fuces are similar and equal regular
polygons, and its solid angles equal to one another.

133. If 8 be the number of solid angles in amy polyhedron,
F the number of its faces, B the number of its edges, then
S+F=E+2

Take any point within the polyhedron as centre, and describe
a sphere of radius 7, and draw lines from the centre to each of the
angular points of the polyhedron; let the points in which these
lines meet the surface of the sphere be joined by arcs of great
‘circles, so that the surface of the sphere is divided into as many
polygons as the polyhedron has faces.

Let s denote the sum of the angles of any one of these poly-
gons, m the number of its sides ; then the area of the pdlygon is
7 {s—(m—2)7} by Art. 99. The sum of the areas of all the
polygons is the surface of the sphere, that is, 4=r". Hence since
the number of the polygons is F, we obtain

4ﬂ' = 28—7]'2&”4' 2F1l'.

Now 3¢ denotes the sum of all the angles of the polygons, and
is therefore equal to 27 x the number of solid angles, that is, to
278 ; and 3m is equal to the number of all the sides of all the
polygons, that is, to 2E, since every edge gives rise to an arc
which is common to two polygons. Therefore

4n = 228 - 2xE + 2F7

therefore . . S+F;E-{~2,
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134. There can be only five regqular polyhedrons.

Let m be the number of sides in each face of a regular poly-
hedron, » the number of plane angles in each solid angle; then
the entire number of plane angles is expressed by mF, or 28, or -
2EF; thus

mF=nS8S=2E, and S+ F=E +2;

from these equations we obtain

. 4m p Iwm L 4n .
T 2(m+n)—mn’ T 2(m+mn)—mn’ T 2(m+n)—mn’

These expressions must be positive integers, we must therefore
have 2 (m + n) greater than mn ; therefore

1 1
mwtn must be greater than 1;

but » cannot be less than 3, so that 11‘ cannot be greater than 3,

and therefore % must be greater than }; and as m must be an

integer and cannot be less than 3, the only admissible values of m
are 3, 4, 5. It will be found on trial that the only values of m
and 7z which satisfy all the necessary conditions are the following ;
each regular polyhedron derives its name from the number of its
plane faces.

m | n | S| E|F Name of regular Polyhedron.

4 | 6 | 4 | Tetrahedron or regular Pyramid.
8 | 12 | 6 | Hexahedron or Cube.

12 | 8 [ Octahedron.

20 | 30 | 12 | Dodecahedron.

12 | 30 20 | Icosahedron.

W v W B W
Ot W o W W
(=23

T. 8. T. : . N
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135. The sum of all the plane angles which form the solid
angles of any polyhedron is 2 (S—2) .

For if m denote the number of sides in any face of the poly-
hedron, the sum of the interior angles of that face is (m—2)=
by Euclid 1. 32, Cor. 1. Hence the sum of all the interior angles
of all the faces is 3 (m —2) w, that is Smnx— 2Fx, that is'
2(E—F)m, that is 2(§-2)

136. To find the inclination of two adjacent faces of a regular
polyhedron. '

Let AB be the edge common to the two adjacent faces, C' and
D the centres of the faces; bisect 4B in ¥ and join CE and DE;
CE and DE will be perpendicular to 4B, and the angle CED is
the angle of inclination of the two adjacent faces; we shall denote
it by 7. In the plane containing CE and DE draw CO and DO
perpendicular to CE and DE respectively, and meeting in 0;
about O as centre describe a sphere meeting 04, OC, OF in g, ¢, ¢
respectively, so that cae forms a spherical triangle. Since 4B is
perpendicular to CE and DE, it is perpendicular to the plane
CE D, therefore the plane A0B which contains 4B is perpendicular
to the plane CED; hence the angle cea of the spherical triangle is
a right angle. Let m be the number of sides in each face of the
polyhedron, 7 the number of the plane angles which form each solid

2w _=

angle. Then the angle m:ACE=2m. -3 8od the angle
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cae is half one of the n equal angles for

27 =

thatxs,m=-2—n-= n From the right-

008 cae = cos cO

that is coslr=cos<‘-f
n ¥

i T

I %5

therefore Sl - = c—
. 2 .«

sin —

m

137. To find the radii of the
spheres of a regular polyhedron.
Let the edge AB=a, let OC=r

the radius of the inscribed sphere,
circumscribed sphere. Then

0E=AEootAoE=geot}n,

r=C’Etan0E0=0Etan%

also r = R cos aOc = R cot eca cot

therefore R=1» tn.nztan1=c—ltan£ta
m n 2 2

138. To find the surface and volw
The area of one face of the pol

therefore the surface of the polyhedron
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Also the volume of the pyramid which has one face of the
r ma’

polyhedron for base and O for vertex is 3T ti, and
2
therefore the volume of the polyhedron is mf;a cot%.

139. To find the volume of a parallelopiped in terms of its
edges and their inclinations to one another.

B

Let the edges be 04 =a, OB=3, OC =c¢; let the inclinations
be BOC=a, COA=8, AOB=y. Draw CE perpendicular to the
plane A0B meeting it in Z. Describe a sphere with O as a
centre, meeting 04, OB, 0C, OF in a, b, ¢, ¢ respectively.

The volume of the parallelopiped is equal to ﬁe product of its
base and altitude = ab sin y. CE = abc sin y sin cOe. The spherical
triangle cae is right-angled at ¢; thus

sin ¢Oe = sin ¢Oa sin cae = sin 8 sin cab,

and from the spherical triangle cab

sin oab = (@ —cos’a.—-oos’,B.-oos."y+2cosa 08B cos y) .
sin 8 gin y ’
therefore the volume of the parallelopiped
= abe /(1 — 008’ a —cos’ B— cos® y + 2 cosa cos 8 cos ).
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140. To find the diagonal of a parallslopiped in terms of the
three edges which it meets and their inclinations to one another.

Let the edges be 04 =a, OB =5, OC =c; let the inclinations
be BOC =a, COA=p8, AOB=y. Let OD be the diagonal re-
quired, and let OF be the diagonal of the face OAB. Then

OD'=0E* + ED* + 20E . ED cos COE
=a"+b* + 2ab cos y + ¢’ + 2cOF cos COE.
Describe a sphere with O as centre meeting 04, OB, OC, OF
in @, b, ¢, ¢ respectively; then (see example 14, Chap. 1v.)

cos ¢Ob sin a0e + cos ¢Oa sin bOe -
cos cOe = s
sin aOb

_ cosa sin aOs + cos B sin 0e
= wny ;

therefore

OD* =a’+b°+ ¢+ 2ab cos y + 2?3f(oosasin a0e + cos B sin b0e),

81.
and  OEsinaOc=bsiny, OF sinb0e = a sin y;

therefore OD*=a’+ b° + c*+ 2ab cos y + 3bc cos a + 2¢a cos .

141.  To find the volume of a tetrahedron.

A tetrahedron is one-sixth of a parallelopiped which has the
same altitude and its base double that of the tetrahedron; thus if
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the edges and their inclinations are given we can take one-gixth
of the expression for the volume in Art. 139. The volume of a
tetrahedron may also be expressed in terms of its six edges; for
in the figure of Art. 139 let BC =a', CA=¥, AB=¢"; then .
_b+-a” osﬁ_d+a’—6“ oo _a'+b -

Ba= g AT YT T
and if these values are substituted for cosa, cosf, and cos y in
the expression obtained in Art. 139, the volume of the tetrahe-
dron will be expressed in terms of its six edges.

EXAMPLES.

1. If I denote the inclination of two adjacent faces of a
regular polyhedron, shew that cos /= } in the tetrahedron, =0
in the cube, =—} in the octahedron, =— 4 ,/5 in the dodecahe-
dron, and =—3,/5 in the icosahedron,

2. With the notation of Art. 136, shew that the radius of
the sphere which touches one face of a regular polyhedron and all

the adjacent faces produced is § @ cot,—"; cot 4 1.

3. A sphere touches one face of a regular tetrahedron and
the other three faces produced; find its radius.

4. If a and b are the radii of the spheres inscribed in and
described about a regular tetrahedron, shew that b = 3a.

5. If a is the radius of a sphere inscribed in a regular tetra-
hedron, and R the radius of the sphere which touches the edges,
shew that R®=3a’

6. If a is the radius of a sphere inscribed in a regular tetra-
hedron, and R’ the radius of the sphere which touches one face and
the others produced, shew that B = 2a.

7. If a cube and an octahedron be described about a given
sphere, the sphere described about these polyhedrons will be the
same; and conversely.
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8. If a dodecahedron and an icosahedron be described about
a given sphere, the sphere described about these polyhedrons will
be the same; and conversely.

9. A regular tetrahedron and a regular octahedron are in-
scribed in the same sphere; compare the radii of the spheres
which can be inscribed in the two solids.

10. The sum of the squares of the four diagonals of a paralle-
lopiped is equal to four times the sum of the squares of the
edges.

11. If with each angular point of any parallelopiped as cen-
tres equal spheres be described, the sum of the intercepted por-
tions of the parallelopiped will be equal in volume to one of the
spheres,

12. A regular octahedron is inscribed in a cube so that the
corners of the octahedron are in the centres of the faces of the
cube ; prove that the volume of the cube is six times that of the

octahedron.

13. Tt is not possible to fill any given space with a number
of regular polyhedrons of the same kind, except cubes; but this
may be done by means of tetrahedrons and octahedrons which
have equal faces, by using twice as many of the former as of
the latter.

14. A spherical triangle is formed on the surface of a sphere
of radius p ; its angular points are joined, forming thus a pyramid
with the lines joining them with the centres; shew that the
volume of the pyramid is

3 p° J/(tanr tan r, tan r, tan r,)
where 7, r, 7, 7, are the radii of the inscribed and escribed cir-
cles of the triangle.

15. The angular points of a regular tetrahedron inscribed in

a sphere of radius » being taken as poles, four equal small circles
of the sphere are described, so that each circle touches the other
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three. Shew that the area of the surface bounded by each circle
. 1
18 21!'7" (1 - %) .
16. If O be any point within a spherical triangle 4.BC, the

product of the sines of any two sides and the sine of the in-
cluded angle

= sin 40 sin BO smCO {cot A0 sin BOC
+cob BO-sin COA + cot CO smAOB}

XIII. MISCELLANEOUS PROPOSITIONS.

142.  To find the equation to a small circle of the sphere.

Let O be the pole of a small circle, § a fixed point on the
sphere, SX a fixed great circle of the sphere. Let OS=oq,
OSX = f8; then the position of O is determined by means of these
angular co-ordinates « and 8. Let £ be any point on the circum-
ference of the small circle, S =0, PSX = ¢, so that 6 and ¢ are
the angular co-ordinates of P. Let OP =». Then from the
triangle OSP

C08 7= €08 & 008 § + 5in @ §in O 008 ($— B)............ );

this gives a relation between the angular co-ordinates of any point
on the circumference of the circle.

If the circle be a great circle then = ;; thus the equation

2’
becomes ‘
0 = cosa cos 0 + sin a sin 6 cos (6~ ) .........(2).

It will be observed that the angular co-ordinates here used are
analogous to the latitude and longitude which serve to determine
the positions of places on the Earth’s surface; 6 is the complement
of the latitude and ¢ is the longitude.

143. To find the locus of the vertex of a spherical triangle of
given base and area.
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Let AB be the given base,
Since the area is given the spl
it by Z; then by Art. 103,

cot 4 E = cot 4 6 cot

therefore sin (¢ — 4 E) = cot

therefore 2 cot $csin £ cos
therefore

- cos@ cot 4 csin } & +sin 6 cos (

Comparing this with equatic

see that the required locus is a c
co-ordinates of its pole, we have

1
tana:cot%csin
™
ﬂ—%E—g.

It may be presumed from
circle is in the great circle wl
and this presumption is easily
that great circle is

0=cosﬂcos(g—% +8in 6

and the values =0, ¢=p saf

144. To find the angular
wnscribed and circumscribed circle

Let P denote the pole of th
of the circumscribed circle of a
PAB =44, and by Art. 92
=cos §(B-C); and

cos PQ = cos PA cos Q4 + s
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Now, by Art. 62 (see figure of Art. 89),
co8 PA = cos PE cos AL = cos r co8 (s — a),
. gin PE  ginr
sinPA = PAE " 3d’

thus

cos P@Q) = cos R cosr cos (8 — a) + sin B sinr cos §(B - C) cosec 4 4

= co8 R cosr cos (8 —a) + sin R sin r sin (b + ¢) cosec 4 a,
(Art. 54);

cos PQ . .
therefore m:ootroos(a—a)+tan1?mn%(b+c)eosec}a.
Now cotr:si’, mR=2sm§asm§bsm§c,

: n - n

cos PQ 1(. . . . }

therefore oo R sy _ﬁ{sms cos(s—a)+2sing (b+c) sindbsinde
= o= (sina + sinb + sin),
cos PQ \? 1 . . .
Hence (COST'??I—T —l=m(sma+mnb+smc)'—l
= (cot r + tan R)* by (Art. 94) ;

therefore cos® PQ = cos® R sin® r + cos® (R —r),
and sin® PQ = sin® (R — r) — cos® R sin®r.

145. To find the angular distance between the pole of the
circumscribed circle and the pole of one of the escribed circles of
a triangle.

Let @ denote the pole of the eircumscribed circle, and @, the
pole of the escribed circle opposite to the angle 4. Then it may
be shewn that QBQ, = 1=+ 4 (C— 4), and
cos Q@Q, = cos B cos r, cos (8 —c) —sin R sin r, sin 3(C— 4) sec § B

=cos R cos , cos (8—¢) —sin R sin » sin 4(c — @) cosec 4.
Therefore

cos @@,

Sar, cos B =cot 7, cos (8 —¢)—tan B sin 4 (c—a) cosec 4 5 ;
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by reducing as in the preceding articl

the last equation becomes

o (in b+ sinc—
hence et r) —1=(tan
therefore cos® QQ, = cos®.
and sin® QQ, = sin® (

146. The arc which passes thro.
sides of any triangle upon a given ba.
n a fixed point, the distance of which
base i3 a quadrant.

Let ABC be any triangle, £ the
the middle point of AB; let the arc
produced meet BC produced in Q. T

sin BQ sin BFQ sit
gin BF ~ sin BQF’ sit

sin BQ _sin Aq
therefore m = sm_B(
. sin 0Q _sin A(
similarly s 49 ~ sin O¢

therefore sin BQ =sin CQ; theref
Hence if D be the middle point
DQ=3(BQ+C

147. If three arcs be drawn fr

triangle through any point to meet th
of the sines of the alternate segments o)
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A

c

Let P be any point, and let arcs be drawn from the angles

4, B, C passing through P and meeting the opposite sides in
D, E, F. Then

sin BD _sin BPD sin CD sin CPD

sin BP sin BDP’ sin CP ~ sin CDP’
heref sin BD sin BPD sin BP
therelore sin CD _&in CPD &in CP'
sin CE and SR 47
sin AE sin BF’

Similar expressions may be found for
and hence it follows obviously that

sin BD sin CE gin AF

sin CD sin4E sin BF

therefore sin BD sin CE sin AF = sin CD sin AE sin BF.

1;

148. Conversely, when the points D, E, F in the sides of a
spherical triangle are such that the relation given in the preceding
article holds, the ares which join these points with the opposite
angles respectively pass through a common point. Hence the
following propositions may be established :—the perpendiculars
from the angles of a spherical triangle upon the opposite sides
meet in a point; the lines which bisect the angles of a spherical
triangle meet in a point; the lines which join the angles of a
spherical triangle with the middle points of the opposite sides
meet in a point; the lines which join the angles of & spherical
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triangle with the points where the inscribed circle touches the
opposite sides respectively meet in a point.

149. If AB and A'B be any two equal arcs, and the arcs
AA’ and BB’ be bisected at right angles by arcs meeting in P,
then AB and A'B’ subtend equal angles at P.

A'

For PA=PA’ and PB=PBE ; hence the sides of the triangle.
PAB are respectively equal to those of PA'B’; therefore the angle
APB =the angle 4'PB.

This simple proposition has an important application to the
motion of a rigid body of which one point is fixed. For conceive
a sphere capable of motion round its centre which is fixed ; then it
appears from this proposition that any two fixed points on the
sphere, as 4 and B, can be brought into any other positions, as
4’ and B, by rotation round an axis passing through the centre of
the sphere and a certain point . Hence it may be inferred that
any change of position in a rigid body, of which one point is fixed,
may be effected by rotation round some axis through the fixed
point.

(De Morgun’s Differential and Integral Caleulus, page 489).

MISCELLANEOUS EXAMPLES.

1. Find the locus of the vertices of all right-angled spherical
triangles having the same hypothenuse; and from the equation
obtained, prove that the locus is a circle when the radius of the
sphere is infinite.
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2. ABis an arc of a great circle on the surface of a sphere, ¢
its middle point; shew that the locus of the point P such that
the angle APC = the angle BPC consists of two great circles at
right angles to one another. [Explain this when the triangle
becomes plane.

3. A point P being taken on the surface of a sphere, let
¢ and ¢/ denote its spherical distances from two given points; if
m cos § +m’ cos § is constant where m and m’ are constant, shew
that the locus of P is a circle.

4. On a given arc of a sphere, spherical triangles of equal
area are described ; shew that the locus of the angular point
opposite to the given arc is defined by the equation

tan~! ftan ("""4’)} +tan™! {t’a'n .(""' ¢)}
L sind sin 6
. tanf . tan

R R
where 2a is the length of the given arc,  the arc of the great
circle drawn from any point P in the locus perpendicular to the
given arc, ¢ the inclination of the great circle on which 6 is
mensured to the great circle bisecting the given arc at right
angles, and 8 a constant.

5. If 0, ¢, ¢ denote the distances from the angles 4, B,
respectively of the point of intersection of arcs bisecting the
angles of the spherical triangle 4B(C, shew that

cos @ sin (b — c) + cos ¢ sin (¢ — a) + cos  sin (@ —B) = 0.
6. If 4’ B, C" be the poles of the sides BC, C4, AB of a

spherical triangle ABC, shew that the great circles 44’, BB, CC’
meet in a point P, such that

cos PA cos BC = cos PB cos CA = cos PC cos AB.

7. If O be the point of intersection of arcs AD, BE, CF
drawn from the angles of a triangle perpendicular to the opposite
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sides and meeting them in D, E, F res
tan AD tan BE
tan 0D’  tan OF’
are respectively equal to
cos 4 cos B

l+oos.B‘cos0’ 1+cosA cos

8. If p, ¢q, r be the arcs of gre
angles of a triangle perpendicular to
(8, B), (y, ¥) the segments into whi
shew that
tan a tan o’ = tan 8 tan §

cosp _ cosg
cosacosa cosf cosf

9. In a spherical triangle if arcs

the middle points of the opposite sic
‘parts of the one which bisects the side
sina 9 cos®

7= 2cosg

10. The arc of a great circle bise
spherical triangle cuts BC produced in
c—1

.a .
. cosAQsm-z-_sm—z—

11. If ABCD be a spherical qua
sides 4B, CD when produced meet in .
the ratio of the sines of the arcs draw
the diagonals of the quadrilateral is th
from 7.

12. If ABCD be a spherical que
DC are produced to meet in P, and
diagonals AC, BD intersect in R, th
sin AB sin CD cos P ~ sin 4D sin BC ¢

13. If the arcs joining the extren

rical triangle with the middle points
equal, the triangle is isosceles.

and
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14. The arc AP of a circle of the same radius as the sphere
is equal to the greater of two sides of a spherical triangle, and
the arc 4Q taken in the same direction is equal to the less; the

sine PM of AP is divided in Z, so that %‘i:the natural cosine

of the angle included by the two sides, and £Z is: drawn parallel
to the tangent to the circle at ¢. Shew that the remaining side
of the spherical triangle is equal to the arc QPZ,

15. If through any point P within a spherical triangle 4BC
great circles be drawn from the angular points 4, B, C to meet
the opposite sides in @, b, ¢ respectively, prove that

sin Pa cos PA  sin Pb cos PB  sin Pc cos PC
sin da sin Bb smCc

16. 4 and B are two places on the Earth’s surface on the
same side of the equator, 4 being further from the equator
than B. If the bearing of 4 from B be more nearly due East
than it is from any other place in the same latitude as B, what is
the bearing of B from 4%

17. If the tangent of the radius of the, circle described about a
spherical triangle is equal to twice the tangent of the radius of the
circle inscribed in the triangle, the triangle is equilatera).

1.

18. From the result given in example 18 of Chapter v. infer
the possibility of a regular dodecahedron.

THE END.
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Late of St. Stephen’s, Brighton.

By J. N. Smupkinson, M.A., Rector of Brington,
Northampton. Second Edition. Crown 8vo. cloth, 9s.

¢ A deeply interesting picture of the life of one of a class of men wko are indeed
the salt of this land.”—MoRNING HERALD, / 4



PUBLISHED BY MACMILLAN AND CO. 5

SIXTH EDITION.
Tom Brown’s School-Days. By An Oup Bor.
: With a new Preface. Crown 8vo. 10s. 6d,

¢ Those manly, honest thoughts, essed in_plain words, will, we trust, long
Jind an echo in thosands of Emglish hearts —QUABTELLY BEviEW,

THE ANNIVERSARIES.
Poems in Commemoration of Great Men and Great
Events. By Tmomas H. GIiLL Feap. 8vo. cloth, 5s.

¢ The rick merits of & volume whick, as it has stirred and delighted us, we trust
m«:‘dz‘j’w& everywhere where its Christian thoughtfuiness and English
” 8 can be felt and prised.”—NONCONPORMIST.

BY FREEMAN OLIVER HAYNES, ESQ,,

Barrister-at-Law.

Outlines of Equity: Being Lectures delivered in the

Hall of the Incorporated Law Society of the United Kinﬁdom.
Crown 8vo. cloth, 9s.

*.* This book has been placed on the list of books for examination by
the Council of Legal Education, and also by the Legal Board of the
University of Cambridge.

BY ALEXANDER SMITH,
Author of a *“ Life Drama, and other Poems.”
City Poems. Feap. 8vo, cloth, 5s.
“ He has attained at times to a quict continuily of thought, and sustained strength

gf coherent utlerance . . . he gives us many passages that sound the deeps of
eeling,and leave us satisfied with their sweetness.”—NorTH BriTISH REVIEW,

BY JAMES FORD, M.A.
Prebendary of Exeter.
Steps to the Sanctuary; or, the Order for Morning

Prayer set forth and explained in Verse.
Crown 8vo. cloth, 2s. 6d.

¢ Well calculated to be usefwl.”—MorNiNG Hemawd.



6 NEW WORKS AND NEW EDITIONS

BY JOHN MALCOLM LUDLOW,
Barrister-at-Law. X
British India, Its Races, and its History, down to the Mutinies of
1857. A Series of Lectures.
2 vols. feap. 8vo. cloth, 9s.

 The best historical Indian manual existing, one that ought to be in the hands of
every man who writes, speaks, or votes on the Indian question.”—EXAMINER.

¢ The best elementary work on the History of India.”—HoMEWARD Ma1L.

THE REPUBLIC OF PLATO.

A New Translation into English. By J. Lr. Davies,
M.A, and D. J. Vavenax, M.A., Fellows of Trinity College,
Cambridge. Seconp EpiTion. 8vo. cloth, 10s. 64.

“ So eloguent and correct a version will, we trust, induce many to b tudent;
of the Republic. . . The whole book is scholarlike and able.”—GuUARDIAN.

¢ Free, nervous, idiomatic English, suck as will fascinale the reader.”—NONCON-
FORMIST.

BY GEORGE WILSON, M.D., F.RS.E,,
Regius Professor of Technology in the University of Edihburgh; and Director of the
Industrial Museum of Scotland.

Sixth Thousand.

1. The Five Gateways of Knowledge. A Popular Work on
the Five Senses. In feap. 8vo. cloth, with gilt leaves, 2s. 64.
ProrLE’s EDITION, in ornamental stiff covers, 1s.

¢ Dr. Wilson uniles poetic with scientific facully, and this union gives a charm to
all he writes. In the little volume before us he has described the five senses in

language so that a child may comprehend the meaning, 30 suggestive
thes phifosophens vill read it with ploasure."—LEADTR. a4

2. The Progress of the Telegraph. Feap. 8vo. 1s.
“ Most interesting and instructive . . . at once scientifi lay, religi

ific and p 7,
and technical ; a worthy companion to the ¢ Galeways of frmwkdge.’ ’—
LiTERARY CHURCHMAN,




PUBLISHED BY }

THE

WILLIAM ARCH

Late Professor of Moral Phi
FIVE VOLUMES 8vo. UNIF

“ A man of glowing genius and
these five brilliant volumes.”—

SOLD SEPARA

1. Sermons, Doctrinal
Edited by the Very Rev. T
with a Memoir and Portr

¢ Present a richer combination of 1
any we have met with in any livi

2. Sermons, Doctrinal :
Edited by J. A. JEREMIE,
the University of Cambrid

“ They are marked by the same «
richness of imagery and illustra!:
the same depth and fervour of o
guished the preceding Series ant
our theological literature.” —Fro

3. Letters on Romanism
Development. Edited by th
Dean of Down. Skconp
DEACON HARDWICK.

 Deserve to be considered the n
table energy and power of conce

4. Lectures on the His
Edited from the Author’s
worTH TrHOMPSON, M.A.
University of Cambridge.

“ Of the dialectic and phkysics of
accurate,and popular, with whic
the French, and incomparably m
depariments of the Platonic phil



8 NEW WORKS AND NEW EDITIONS,

THIRD EDITION.

Lectures to Ladies on Practical Subjects. Crown 8vo. 72.64.

By F. D. MaurioR, CHARLES KiNesrEYy, J. Lr. Davies, ArcH-
DEACON ALLEN, DEAN TRENCH, PROFESSOR BREWER, DR. GEORGE
JoHN8ON, DR. SievEKING, DR. CHAMBERS, F. J. SrepHEN, EsQ. and
Tom TavLoR, Esq.

ConTENTS :—Plan of Female Colleges—The College and the Hospital—
The Country Parish—Overwork and Anxiety—Dispensaries—Dis-
trict Visiting—Influence of Occupation on Health—Law as it affects
the Poor—Everyday Work of Ladies—Teaching by Words—Sani-
tary Law—Workhouse Visiting.

“ We scarcely know a volume conlaining more slerling good sense, or a finer ez-
pression of modern intelligence on social subjects.”—CHAMBERS’ JOURNAL.

PARAGUAY, BRAZIL, AND THE PLATE.

By CuarLes MansrieLp, M.A., Clare College, Cam-
bridge. With a Life by CuarLes Kinesrey, Rector of Eversley.
Post 8vo. With Map and numerous Illustrations. 12s. 6d.

“ An interesting and instructive volume.”—MoRNING Posr.

BY THE RIGHT REV.JOHN WILLIAM COLENSO; D.D,,
Lord Bishop of Natal, formerly Fellow of St. John’s College, Cambridge.

1. The Colony of Natal. A Journal of Ten Weeks' Tour of

Visitation among the Colonists and Zulu Kaffirs of Natal. With
four Lithographs and a Map. Feap. 8vo. cloth, 5s.

2. Village Sermons.  Second Edition. Feap. 8vo. cloth, 2s. 64.

3. Companion to the Holy Communion: containing
the Service, with Select Readings from the Writings of
Mr. MAURICE. Fine Edition, rubricated and bound in
morocco antique, gilt edges, 6s.; or in cloth, red edges, 2s. 6d.;
common paper, limp cloth, 1s.

BY CHARLES ANTHONY SWAINSON, M.A.

Principal of the Theological College, and Prebendary of Chichester.

The Creeds of The Church. In their Relations to the

Word of God and to the Conscience of the Christian. Svo.
cloth, 9s.

CoNTENTS :—I1. Faith in God. —II. Exercise of our Reason.—III. Origi
and Authority of Creeds.—IV. Inductive Proof of the Creeds.—
V. Continual Guidance of the Spirit.—VI. Test and Application of
Scripture.—VIIL. Private Judgment.—VIII. Strengthening of the
Judgmentand the Preparation for Controversy. With an Appendix.
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BY JULIUS CH.

Somelime Archdeacon of Lewes, Rector «
Queen, and formerly Fellow ana

NINE VOLS. 8vo. UNIFOR

1. Charges to the Cler

Lewes. During 1840 tc
Events affecting the Chure
duction, explanatory of h:
ference to the Parties whicl

2. Miscellaneous Pamphl
Questions agitated in the Cl

3. Vindication of Luther
Assailants. Second Edit

4. The Mission of the C
Edition.

5. The Victory of Faith.

6. Parish Sermons. Secor

7. Sermons preacht on Pa

The two following books are included a
separalely for
Charges to the Clergy
Lewes. Delivered in th
before published. With a
position in the Church, with

it.
The Contest with Rome.
With Notes, especially in ans
of Catholics in England, S.‘l



10 NEW WORKS AND NEW EDITIONS,

BY JOHN McLEOD CAMPBELL,

Formerly Minister of Row.

The Nature of the Atonement, and its Relation to

Remission of Sins and Eternal Life.
8vo. cloth, 10s. 6d.

¢ This is @ remarkable book, as indicating the mode in which a devout and inlel-
lectual mind has found ils way, almost unassisted, out of the extreme Lutheran
and Calvinistic views of the Atonement into a healthier aimosphere of doctrine.
« o« We cannot assent to all Mepomtmnc laid down by this writer, bulkn
entitled lo be spoken respectfully of, both b of his evident ear and
reality, and the tender mode in whick ke deals with the opinions of others “rom
whom ke feels compelled to differ.”—LITERARY CHURCHMAN.

BY THE RIGHT REV. G. E. LYNCH COTTON, D.D,,

Lord Bishop of Calcutta and Metropolitan of India.

Sermons and Addresses delivered in Marlborough
College, during Six Years.

Crown 8vo. cloth, price 10s. 6d.

*“ We can heartily recommend this volume as a most suitable present for a youth,

or for family reading, wherever there are young persons, the teaching of these
discourses will be admirable”’—LITERARY CHURCHMAN.

Sermons : Chiefly connected with Public Events in 1854.

Feap. 8vo. cloth, 3s.
“ 4 volume of whick we can speak with high admiration.”
CHRISTIAN REMEMBRANGER.

BY JOHN HAMILTON, Esq. (of St. Ernan’s,) M.A,,

St. John's College, Cambridge.

On Truth and Error: Thoughts, in Prose and Verse,

on the Principles of Truth, and the Causes and Effects of Error.
Crown 8vo. bound in cloth, with red leaves, 10s. 6.

“ 4 very genuine, thoughtful, and inferesting book, the work of a man of homest
mind and pure heart; one who has felt the pressure of religious difficulties,
wko kas thought for himself on the matters of whick ke doubted, and who has
patiently and piously worked his way to conclusions whick ke now reverently but

Searlessly witers to the world” —NONCONFORMIST.



PUBLISHED BY MACMILLAN AND CO. 11

BY CHARLES KINGSLEY,

Rector of Eversiey.

1. Two Years Ago. Second Edition.
3 vols. crown 8vo. cloth, £1 11s. 64.

2. The Heroes: Greek Fairy Tales for my Children.
New and Cheaper Edition, with Eight Illustrations. Royal 16mo.
beautifully printed on toned paper, gilt edges, 5.

 We doubt not they will be read 6{ many a youth with an enchained interest
almat as strong as the links which bound Andromeda to her rock.”—BRITISH
UARTERLY.

3. “Westward Ho!” or the Voyages and Adven-
tures of Sir Amyas Leigh, Knight, of Borrough, in the County
of Devon, in the reign of Her most Glorious Majesty Queen
Elizabeth. Third Edition. Crown 8vo. cloth, 7s. 6d.

4. Glaucus; or, the Wonders of the Shore. A Com-
panion for the Sea-side. Containing Coloured Plates of the
Objects mentioned in the Work. Third Edition. Feap. 8vo.
gilt leaves, 6s. 6d.

*.t The Illustrated Companion may be had separately, price 3s. 6d.

 Its pages sparkle with life, they open up a thousand sources of unanticipated
leasure, and combis ¢ with instruction in a very happy and unwonted

degree.”—EcCLECTIC REVIEW,

5. Phaethon ; or, Loose Thoughts for Loose Thinkers.
Third Edition. Crown 8vo. boards, 2s.

“ Its suggestions may meet half way many a latent doubt, and, like a light breeze,

lift from the soul clouds that are gathering heavily, and threatening to settle

in wintry gloom on the summer of many a fair and promising young life.”’
—SPECTATOE.

6. Alexandria and Her Schools. Four Lectures delivered
at the Philosophical Institution, Edinburgh. With a Preface.
Crown 8vo. cloth, 5s.

¢ A series of brilliant bi hical and literary sketches, interspersed with com-
ments of the closest , or rather wniversal application) —Srronanon.



12 NEW WORKS AND NEW EDITIONS,

BY THE RIGHT REV. GEORGE AUGUSTUS SELWYN, D.D,,

Lord Bishop of New Zealand, formerly Feliow of St. John's College, Cambridge.

The Work of Christ in the World. Third Edition.
Published for the benefit of the New Zealand Chureh Fund.
Crown 8vo. 2s.

BY ARCHDEACON HARDWICK.

Christ and other Masters: A Historical Inquiry into
some of the chief Parallelisms and Contrasts between Christianity
and the Religious Systems of the Ancient World.

Part I. Introduction. Part II. Religions of India. Part III.
Religions of China, America, and Oceanica. Part IV. Reli-
gions of Egypt and Medo-Persia. In 8vo. cloth, 7s. 6d. each.

« Never was so difficult and complicated a subject as the history of Pagan

religion handled so ably, and al the same time rendered so lucid and attractive.”
—CoLoNIAL CHURCH CHRONICLE.

THE WORSHIP OF GOD
AND FELLOWSHIP AMONG MEN.

A Series of Sermons on Public Worship. Feap. 8vo. 3s. 64.

I. Preaching, a Call to Worship. By Rev. F.D. MauricE—II. Common
Prayer, the Method of Worship. By Rev. T.J. RowsELL.—III. Baptism,
an admission to the Privilege of Worship. By Rev. J. Lr. DaviEs.—
IV. The Lord’s Supper, the most Sacred Bond of Worship. By Rev.
D. J. VaveaaN.—V. The Sabbath Day, the Refreshment of Worship.
By Rev. J. LL Davies.—VI. The Bible, the Revelation of the Beginning
and End of Worship. By Rev. F. D. MAURICE.

BY THOMAS RAWSON BIRKS, M.A,,

Rector of Kelshall, Examining Chaplain to the Lord Bishop of Carlisle;
Author of ** The Life of the Rev. E. Bickersteth.”

The Difficulties of Belief, in connexion with the

Creation and the Fall. Crown 8vo. cloth, 4s. 6d.

. “d profound and masterly essay.”—EcLECTIC.
“ Has arguments are original, and carcfully and logically claborated. We may
;’ddﬂ that they are distinguished by a marked sobricty and reverence for the Word
. —INECORD.
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SERMONS PREACI]
By the Rev. Epwarr

“ We desire very highly ¢
boy’s life and tridls in a
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kind.”—L1TERARY CHUR

BY DA

Professor of English .
Essays, Biographical
Poets.

1. Shakespeare and Goeth
Devils: Luther’s, Milton’s,
ture of the Restoration.—
the Year 1770.—VII. Wor
Literature.—IX. Theories

“ Distinguished by a remark
Jacts on which speculati
These Essays should be po

BY IS!

Author of * Th

The Restora

“4 volume which contains lo,
as the magnanimity and «
work bearing on religious
¢ The Restoration of Beli
books of the nineleenth
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of Pascal in that of the ¢

BY JOHN H

The Construction of 1

the Practical Ap&l’icati
Iron Girders. ith
“ The great defect of all wo
theoretical : the great m.
Practice than Theory. . .
investigations into Girde)
of the most valuable c
engineering,”—ATHENXT



14 NEW WORKS AND NEW EDITIONS,

THE WORKS OF
FREDERICK DENISON MAURICE, M.A.,

Chaplain of Lincoin's Inn.

Exposition of the Hol dy Scriptures :
L

(1.) The Patriarchs and Lawgivers. 6s.

(23 The Prophets and Klgfs 10s. 64.

(3.) The Gospels of St. Matthew, Mark, and Luke, and the

Epistles of St. Paul, Peter, James, and Jude. 14e.

(4.) The Gospel of St. John. 10s. 64.

(5.) The Epistles of St. John. 7s. 6d.
Exposition of the Prayer Book :

(1.) Sermons on the Ordinary Services. 5s. 6d.

(2.) The Church a Family: Being Sermons on the Occasional

Services. 4s. 64.

Ecclesiastical History. 10s. 64-

The Lord’s Prayer. Third Edition. 2. 6d.

The Doctrine of Sacrifice. 7s. 6d.

Theological Essays. Second Edition. 10s. 64.

Christmas Day, and other Sermons. 10s. 6d.

The Religions of the World. Third Edition. 5s.

Learning and Working. 5s.

The Indian Crisis. Five Sermons. 2s. 6d.

The Sabbath, and other Sermons. Fep. 8vo. cloth, 2s. 6d.
Law on the Fable of the Bees. Fep. 8vo. cloth, 4s. 64.

The Worship of the Church. A Witness for the
Redemption of the World.
'The Word *Eternal” and the Punishment of the

Wicked. Third Edition. 1s.
Eternal Life and Eternal Death. 1s. 6d.
The Name Protestant, and the English Bishopric at

Jerusalem. Second Edition. 3s.
Right and Wrong Methods of Supporting Pro-

testantism.

The Duty of a Protestant in the Oxford Electlo?.

1847. s
The Case of Queen’s College, London. 1s. 64.

Death and Life. In Memoriam C.B.M. 1s.

Administrative Reform. .
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opinions and principles of
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dogmatic expression of dout

A General View of the I
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By Brooke Foss Westco:
College, Cambridge.
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storehouses of German theology,
sphere : and to recognise the vai
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the clear sight and sound feelin
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16 NEW WOKKS AND NEW EDITIONS

THEOLOGICAL MANUALS—continued.
1I.

History of the Christian Church, during the Middle

Ages and the Reformation (a.n. 590-1600).

By ArcEpEACON HARDWICK.
2 vols. crown 8vo. 10s. 6d. each.

Vol. I. History of the Church to the Excommunication of Luther.
With Four Maps.
Vol. II. History of the Reformation.
Each Volume may be had separately.

“ Pull in references and authority, systematic and formal in division, with enough
of life in the style to counteract the dryness inseparable from its brevily, and
exhibiting the results rather than the principles of investigation. MR. ﬁum-
WICK is {0 be congratulatled on the successful achicvement of a difficult task.”
—CHRISTIAN REMEMBRANCER.

 He has bestowed patient and extensive reading on the collection of his materials ;
he has selected them with judgment ; and he presents them in am equable and
compact style.”—SPECTATOR.

“To a good method and good ma;;riala Mz. HAanclll{dadda l;tat great virtue,
a perfectly transparent style. We did not expect to find great literary rditia
in such a manual, but we have found them; we should be satisfied in this
respect with conciseness and intelligibility ; but while this book has both, it is
also elegant, highly finished, and kighly interesting.”—NONCONFORMIST.

IIL.

History of the Book of Common Prayer,
together with a Rationale of the several Offices. By Francis
ProcTER, M.A., Vicar of Witton, Norfolk, formerly Fellow of
St. Catharine’s College, Cambridge. Third Edition, revised and

enlarged. Crown 8vo. cloth, 10s. 6d.
¢ M. ProcTER’s ¢ History of the Book of Common Prayer’ is by far the best
commentgry extant . . . . .. Not only do the present illustrations embrace the

whole range of original sources indicated by MR. PALMER, but Me. PROCTER
compares the present Book of Common Pmicr with the Scotch and American
Sforms; and ke frequently sels out in full the Sarum Offices. As a manual of
extensive information, historical and ritual, imbued with sound Church princi-
ples, we are entirely satisfied with MB.. PROCTER’S important volume.”
CHRISTIAN REMEMBRANCER.

.

« It is indeed a complete and fairly-writlen history of the Liturgy ; and from the
dispassionate way in which disputed points are towched on, will prove to many
troubled consciences what ought to be known fo them, viz. :—that they may,
without fear of compromising the principlesof evangelical truth, give their assent
and consent to the contents of the Book of Prayer. MR.PROCTER Aas
done a great serviceto the Church by this admirable digest.”

CHURCH 0F ENGLAND QUARTERLY



CLASS-BOOKS FOR COLLEGES AND SCHOOLS,

PUBLISHED BY

MACMILLAN AND CO.

CAMBRIDGE,
AND 23, HENRIETTA STREET, COVENT GARDEN, LONDON.

MATHEMATICAL.
BY G. B. AIRY, M.A,, F.R.S,,
Astronomer Royal.

Mathematical Tracts on the Lunar and Planetary
Theories. The Figure of the Earth, Precession and Nutation,
the Calculus of Variations, and the Undulatory Theory of Optics.
Fourth Edition, revised and improved. 8vo. cloth, 15s.

BY R. D. BEASLEY, M.A,

Head Master of Grantham Grammar School.

An Elementary Treatise on Plane Trigonometry ;
with a numerous Collection of Examples, chiefly desiﬁned for the
use of Schools and Beginners. Crown 8vo. cloth, 3s. 64.

BY GEORGE BOOLE, LL.D,,

Professor of Natural Philosophy in Queen's College, Cork.
A Treatise on Differential Equations. Crown 8vo. cloth, 14s.

BY W. H. DREW, M.A,,
S d Master of Blackheath Proprietary School.

A Geometrical Treatise on Conic Sections. With a
Copious Collection of Examples, embodying every Question
which has been proposed in the Senate-House at Cambridge.

Crown 8vo. cloth, 4s. 64.

BY HUGH GODFRAY, M.A,,
St. John's College, Cambridge.

An Elementary Treatise on the Lunar Theory. With
a brief Sketch of the History of the Problem up to the time of
Newton. 8vo. cloth, 5s. 64.

BY A. R. GRANT, M.A,,
H. M. Inspector of Schools.

Plane Astronomy. Including Explanations of Celestial Phe-
nomena, and Descriptions of Astronomical Instrumenta. ¥wo.Se.




18 MATHEMATICAL CLASS-BOOKS,

BY H. A. MORGAN, M.A,,

Pellow and Sadlerian Lecturer of Jesus College, Cambridge.

A Collection of Problems and Examples set at Jesus
College, Cambridge, during 1850—57. Arranged

in the Different Subjects progressively, with Answers to all the
Questions. Crown. 8vo. cloth, 6s. 64.

CAMBRIDGE SENATE-HOUSE PROBLEMS :—

1848—1851. With Solutions by FERRERs and JAcKsoN. 15s. 6.
1848—1851 (Ripers). With Solutions by JamEson. 7s. 6d.
1854. With Solutions by WartoNn and MACKENZIE. 10s. 6d.
1857. With Solutions by Camprox and WarroN. 8s. 6d.

BY BARNARD SMITH, M.A,

Fellow of St. Peter's College, Cambridge.

1. Arithmetic and Algebra, in their Principles and

Apphcatlon : containing numerous systematically arranged
Examples, taken from the Cambridge Examination Papers. With
especial reference to the ordinary Examination for B.A. Degree.
Sixte EpITION, revised and enlarged throughout.

Crown 8vo. (696 pages) strongly bound in cloth, 10s. 64.

2. Arithmetic for the Use of Schools. New Edition.
Crown 8vo. (347 pages) strongly bound in cloth, 4s. 64.

3. A Key to Arithmetic for Schools. (290 pages) strongly
bound in cloth, 8s. 64.

4. Mechanics and Hydrostatics in their Principles and

Application: containing numerous systematically arranged
Examples, taken from the Cambridge Examination Papers, with

special reference to the ordinary B.A. Examination. [ Preparing.
BY G. HALE PUCKLE, M.A,,

Head Master of Windermere College.

An Elementary Treatise on Conic Sections, and Alge-

braic Geometry; with a numerous Collection of Easy
Examples, progressively arranged. Second Edition, revised and
enlarged. Crown 8vo. cloth, 7s. 6d.

“ 4 better elementary book on the Conic Sections and Analytical Geometry could
not be put into the hands of the student, and we have no doubt that it wilb

4 a wide circulati 198t all those teachers and instructors who can
agpreciate ils merits as a class-book.” —Exoiisw JousNaL or EpucaTiow.
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A Treatise on Dynamics

BY S. PAR

Fellow and Assistant Tutor

An Elementary Treatise
the Junior Classes at the
Schools. With a copious (

BYJ.B.1

Fellow of Clare

Elementary Hydrostatics.

Solutions. Second Edition.



20 MATHEMATICAL CLASS-BOOKS,

BY I. TODHUNTER, M.A,

Fellow and Assistant Tutor of St. John's College, Cambridge.

1. A Treatise on the Differential Calculus. With
numerous Examples. Second Edition. Crown 8vo. cloth, 10s. 64.

2. A Treatise on the Integral Calculus, and its
Applications. With numerous Examples.
Crown 8vo. cloth, 10s. 64.

3. A Treatise on Analytical Statics. With numerous
Examples. Second Edition.
Crown 8vo. cloth, 10s. 64.

4. A Treatise on Plane Co-ordinate Geometry,
93 applied to the Straight Line and the CONIC SECTIONS.

With numerous Examples. Second Edition.
Crown 8vo. cloth, 10s. 64.

5. A Treatise on Algebra. For the use of Students in the
Universities and in Schools. Crown 8vo. cloth, 7s. 6d.

6. Examples of Analytical Geometry of Three
Dimensions. Crown 8vo. cloth, 4.

7. Plane Trigonometry. For Schools and Colleges.
Crown 8vo. cloth. 7s. 64.

BY W. P. WILSON, M.A,,

Professor of Mathemalics in the University of Melbourne.

A Treatise on Dynamics. 8vo. bds. 9s. 6d.
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Demosthenes de Corona.
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Demosthenes on the Cro
Fellow of Trinity College, (
Inspectors of Schools.

“ Admirably representing both the s

Thucydides, Book VI. T
and a Map of Syracuse. 1
Fellow of St. Jobn's Colleg

Juvenal for Schools. Wit
M.A., Fellow and Assistant '

Sallust for Schools. Wit
B.D,, late Fellow and Tuto:
Author of a “History of I

The “ Catilina > and the “ Jugurtl
each

Exercitationes Iambicee.
Tambic Verse. To which ar
with copious Notes and Ill
Humpeeseys, LL.D., He:
School. Second Edition, ;

A First Latin Construi
TariNng, M.A., Head M:
Uppingham, and formerly



22 GREEK AND LATIN CLASS-BOOKS,

BY J. WRIGHT, M.A,,

Of Trinity College, Cambridge, Head Masier of Sution Coldfield Grammar School.

1. A Help to Latin Grammar. With Easy Exercises, both
English and Latin, Questions, and Vocabulary.
Crown 8vo. cloth, 4s. 6d.
¢ This book aims at helping the learner to overstep the threshold difficulties of the
Latin Grammar ; and never was there a betler aid offered alike to teacher and
scholar in that arduous pass. The style is at once familiar and strikingly
simple and lucid; and the ezxplanations precisely hit the difficultics, and
thoroughly explain them. It is ezactly adapled for the instruction of children;
and will, we prophecy, be the means of making many a good Latin scholar.
The children who are early disgusted by heaps of rules which they camnot
undersiand is legion. It is a great detriment to good instruction, and Mr.
Wright deserves our best thanks or removing it. No child of moderate capa-
city can fail to understand his grammar, the study of which ought to precede
that of every other. It will also much facilitate the acquirement of English
Grammar.”—ENGLISE JOURNAL oF EDUCATION.

2. The Seven Kings of Rome. An easy Narrative, abridged
from the First Book of Livy, by the omission of difficult passages,
in order to serve as a First Latin Construing-book, with Gram-
matical Notes and Index. Seconp EpitioN. Feap. 8vo. cloth, 3s.

“ The Noles are abundant, explicit, and full of such grammatical and other infor-
mation as boys require.”—ATHENEUM.

3. A Vocabulary and Exercises on *“The Seven
Kings of Rome.” Feap. 8vo. cloth, 2. 64.

** The Vocabulary muy be obtained bound up with “THE SrvEN
Kines or RoME,” price 5s. '

4. Hellenica; or, a History of Greece in Greek,

beginning with the Invasion of Xerxes; as related by Diodorus
and Thucydides. With Notes, Critical and Historical, and a
Vocabulary, in order to serve as a First Greek Construing-book.

Seconp Ebrrion. 12mo. cloth, 3s. 64.
“ The Notes are ezactly of that illustrative and suggestive nature which the
tudent at the ¢ of his course most stands in need of, and whick

the scholar, who is also an experienced teacker, alone can supply.”’—Epuyca-
TIONAL TiMes.

d good plan well executed.” —GUARDIAN,
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ENG
The Elements of Gran
By Epwarp TrriNG, M.A.,

A New Edition,

The Child’s Grammar.
with Examples for Practice
New Edition.

“ The book cannot be too stronglyr
price is small and its value greal.”.

“ We acknowledge with gratitude the
sensible. The author has successf:
be taught. . .. The method of Mr.
have seen ; and it is worked out wil
NonconrForMIsT.

By the sa

School Songs. A Collection
Mausic arranged for Four Voi

H. Riccrus. Music size. 7

CON1

Goop NI1GHT.— Giebel.

AcNus DEL

CHRISTMAS CAROL.

EcHOES oF UPPINGHAM.

THERE 1S A REAPER, DEATH.

Buria. MarcHE oF DUNDEE. —
Aytoun.

EneLaND’s HEROES.

Ivey.—Lord Macaulay.

TrE REp Cross KNIGHT.

CHARGE OF THE LiaHT BRIGADE. —
Tennyson.

May Sone.—Holty.

THE ROCKINGHAM MATCH,

FarReweLL, THOU NoBLE WooD.

CoME, FoLLow ME.

Ho, Ho, Ho ! Staec anxp Rok.
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RELIGIOUS.

History of the Christian Church, from Gregory the

Great to the Reformation (a.p. 590-1600).

By Cuanies Harpwick, M.A., Christian Advocate in the
U{ﬁversity of Cambridge. Two Vols. crown 8vo. cloth, 21s.

Vol 1. History from Gregory the Great to the Excommunication of
Luther. With Maps.
Vol. II. History of the Reformation in the Church.
Each Volume may be had separately, price 10s. 6d.

History of the Book of Common Prayer : with a Rationale
of its Offices. By Fravcis Procrer, M.A., Vicar of Witton,
Norfolk, and late Fellow of St. Catherine’s College. Third
Edition, revised and enlarged. Crown 8vo. cloth, 10s. 64.

Notes for Lectures on Confirmation. With suitable
Prayers. By C.J. Vavenan, D.D., Head Master of Harrow
School. Feap. 8vo. cloth, 1s. 64.

The Catechiser’s Maunual ; or, The Church Catechism

Illustrated and Explained. By Arraur Ramsay, MA.,,
of Trinity College, Cambridge. 18mo. cloth, 3s. 64.

Hand-Book to Butler’s Analogy. With Notes. By C. A.

Swainson, MLA,, Principal of the Theological College and Pre-
bendary of Chichester. Crown 8vo. 1s. 6d.

History of the Canon of the New Testament during

the First Four Centuries. By Brooke Foss Westcorr,
M.A., Assistant Master of Harrow School ; late Fellow of Trinity
College, Cambridge. Crown 8vo. cloth, 12s. 64.

History of the Christian Church during the First

Three Centuries, and the Reformation in England. By
WiLLiam SmupsoN, M.A., of Queen’s College, Cambridge.
Fep. 8vo. cloth, bs.

Analysis of Paley’s Evidences of Christianity, in the
form of Question and Answer, with Examination Papers. By
CuazrLes H. Crosse, M.A,, of Caius College, Cambridge.

18mo. 3s. 6d.

PR R. CLAY, PRINTER, BREAD STREET HILL.















